Residual a posteriori error estimations in one dimension

Let Q =Ja, b[ be a non-empty bounded open subset of R. For a function f € L?({2), we consider the
Laplace equation

" =finQ
u =0 on 9N

We discretize this problem in the usual way: we introduce real numbers z; such that
a=rg <1< - <x; <---<xny =D,

then denote by I; the interval |z;_1,x;[ for 1 <i < N, and let h; be its length. As usual, the parameter
h is the maximum of h;, 1 < i < N. For a fixed integer k > 1, we introduce the discrete space

Vi, = {vn € C°(Q); wnl1, € Pu(L;),1 <i < N} N Hj(Q),

where Py (I;) is the space of polynomials of degree < k on I;.
The discrete problem is written as:

b b
Find uy, € Vj, such that/ up, (x)vy, (z) do = / f(@)vp(z)dz, Yup, € V. (1)
a a

Next, we define the family of indicators (1;)1<i<n by

ni = hill fa + upll2(n),

where fj is an approximation of f whose restriction to each I; belongs to Ppax(k—2,0) (i)
Let k1 and o be the smallest constants such that

1/2

N
lu—unlme) < k1 | D07 +ellf = fallrz().
j=1

ni < Kalu — Uh\Hl(Ii) + C/Hf - thL2(Ii)'

We aim to establish an explicit upper bound for ;.

Question 1
We introduce an operator 7, from Hg(£2) into V}, such that:

Yo € HY (), (hv)(z:) = v(z;), 0<i<N.
Show that:

N
||U—ThU||L2(]A)
|u — un| 1) < sup I fn +uplley + I1f = fulleeqy)) ———————=
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Question 2

In the case where k = 1, verify that for any function v € H}(Q), 7,v on each I; is given by

Ty — X r— T;—1

W +v(z;) 0

(Tho)(z) = v(zi1)

Hint: Use the usual Taylor formula to show that

v(z) = (Th) () + xlf; ° /g:_l v (t) dt — m—hiaqu /: o' (t) dt.

Question 3

Deduce an upper bound for ||[v — 7,v[[2(s,) in terms of |v|g1(7,) when & = 1. Hint: Use the formula
established in Question 2 and the Cauchy-Schwarz inequality to show that

3
v = 7mhvllL2(r) < hi?|U\H1(1i)~

Question 4

In the case where k = 1, provide an upper bound for x;.



