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Exam.

1 QMC Find the correct answer (8 pts).

Q1. For the function f(x) = 2. The Bernstein polynomial of degree n is :

a) nx’ +x+ 1.
b) 2=lg? 4 L,
c) "+ 2z — 1.
Q2. For p > 0, consider v,(z) =2”, =€ [a,b], 0<a<b<1then

vp(b)—vp(a) )

) inf v, — ¢l = 205

vp(b)+vp(a) | |
2 oo

b) inf o, — clloo = [[o, ~
. 1 b
&) infllv, — clloe = 3 J1 v}

Q3. For the L?-norm

. v,(b)—v,(a
a) infllv, — cllz2(0p) = gl
. v,(b)+v,(a
b) infllv, — clluzap) = oy — LD 2oy,
. b
¢) infllv, — cllzaan = llvp = 525 [ votel 2ay.
Q4. The number of parameters (weights w;; and biases b;) for the following deep neural
network
is :
o
s O u
Oo——e /‘ -
Layer 1 Layer 2 I(_gﬁ;:t layer)
(Input layer) Layer 3
a) 25.
b) 21.
c) 23.



2 Rroblem . Quadratures in 2D.(12 pts).
Let T be the reference triangle defined by the vertices a; = (0,0), a2 = (1,0) and a3 = (0, 1)
and let T" be an arbitrary non-degenerate triangle defined by the vertices a; = (z1,y1), a2 =

<$2,y2) and az = (353,93)-

as

a

1. Compute the integrals of # and § over 7 : [[r&didy and [[;gdzdy.

2. Show that the integrals of x and y over an arbitrary triangle 71" are :

//xdxdy::i’]ﬂ and //ydxdy:gﬂT\.
T T

where (,7) is the centroid of T : 7 = 3 S T, = 3 S Ym.

3. For a continuous function f we define the following quadrature formula .

J[ swizay~ i =51 son 1)

Let p be a linear function in 2D, i.e, p(x,y) = c12 + coy + c3, where ¢y, 2, ¢35 € R.
Show that the quadrature formula (1) is exact for linear functions on the triangle T'.

4. Compute the integral [[.(z +y + 1) dzdy, in terms of |T'| and {(Zm, Ym) }1<m<s-

3 Bonus : (2 pts).
The Clenshaw—Curtis formula consists of integrating the degree n — 1 polynomial interpolant
through n Chebyshev points

zj=cos(jr/(n—1)), 0<j<n-—1 (2)

Write a chebfun-Matlab code that computes the integral

/ 1 exp(—1/22)dz

1

using the Clenshaw—Curtis formula.

1. where |T| is the area of T i.e, |T'| = [[, dzdy
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Answer.

1 QMC Find the correct answer (4 pts) and justify your answer (4 pts).
Q1. For the function f(x) = 2. The Bernstein polynomial of degree n is :
a) nx’ +x+ 1.
b) 21z 2
c) "+ 2z — 1.
Q2. For p > 0, consider v,(z) =2, x € a,b], 0<a<b<1then
: _ p(b)—vp(a)
a) inf v, — o = 2EF2E
, o 1l _ ve®)4vp(a)
b) infllo, — oo = [lv, — “2OFED oo v
. 1 b
) infllv, — clloo = 4 J1 |y da.

Q3. For the L?>-norm

. _vp(b)—vp(a)
a) infflv, —cllrz@y = *5
. v, (b)4v,(a
b) nfl|v, — cllzzan = llvp = 252 |20,
. b
c) irelﬂgva — |l z2(ap) = lvp — ﬁ I vpdz|| £2(a,p)- v
Q4. The number of parameters (weights w;; and biases b;) for the following deep neural
network
o
O>?./ e
o—»o\ /e —
Layer 1 Layer 2 . I(_(a)ﬁr:t layer)
(Input layer) Layer 3 i Y
is :
a) 25.
b) 21.
¢) 23. v



1. Let us compute

1 pl—2 1 1
// T dx dy :/ / T dydz :/ [@g]gj)“‘ dz :/ :2’(1 — :2’) dz
T o Jo 0 0

—_
=S

2. The triangle T is related to T by the afine map

P = ) G0 =(0)
Yy Y2—UY1 Ys— U Yy n Y

— T Tr3 — X1
| J| = IVFII( boeo )\—!(xz—xl)(ys y1) — (w3 — 21)(y2 — y1)| = 2|7
— Y1 Ys— U

Jl - [ (5)
:/[(10 (;)IJldwdy
[ e (T e

T+ Ty + T3 _
=] (P —air

(x5 — 1)y + 21 .
7 J|dz d
(s — )i+ ) 14T

P (1-9)° m(l—@)}“

6 2
Y1+ Y2 +y3 _
_ 1) (—) _ 7|

§=0

3



3. If f(z,y) = 1z + oy + ¢3 and G(z,7) is the centroid or the barycenter. From the
previous question we have

// f(z,y) dedy = c1Z|T| + c2y|T| + c3|T)|
T
= |T|f(G) (3)

On the other hand we have :

Q
<

Il

=
Mw
g

Q
3

3

N w
@

= (clxm + ColYm + C3) :

3
Il

I
c,o|E o
A

Mw

“1

3
T + Co Z Ym + 303>
m3:1
2D
m=1

I
=
9

co| &

+c y?m> +03’T‘

3
I

I
~
=
a2

Comparing this with the integral (3) we see that

= [t dody

Hence, the formula is exact for linear functions.

4. We can compute the [[.(z +y + 1) dz dy using the quadratrue since

T
//(x—i—y—l—l)dxdy://(a:+y+1)dxdy:%(ml+y1+1+x2+y2+1+x3+y3+1)
T T

=|T|(z+y+1)



