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Chapter

Basic concepts

1.1 Weak formulation of boundary value problems

Consider the following boundary value problem

{—u” =fin]0,1]

u(0) =u(1) =0. (L)

If w is the solution of (1.1) and v is a sufficiently regular function satisfies v(0) = v(1) = 0, then multiplying
the first equation of (1.1) by v integrating we get:

1

1
/0 —u" (z)v(x) de = (x)v(x) de=: (f,v) (1.2)

0

then integration by parts yields

1
(f,v) ::/0 o () (x) dx =: a(u,v). (1.3)

Let us define (formally, for the moment since the notion of derivative to be used has not been made

precise)
V={ve L2(]O, 1[);a(v,v) < +00 and v(0) =v(1) = 0}.

Definition 1.1

The space V is called the functional space

Then the solution of (1.1) is characterized by

u €V st L
a(u,v) =(f,v), VYweV. (1.4)

Definition 1.2

Problem (1.4) is called the weak formulation or the variational problem of problem (1.1).
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Remark 1.1

By construction it is clear that any solution of (1.1) is a solution of (1.4). Of course, the central issue
is that (1.4) gives a solution of (1.1). The following theorem verifies this under some simplifying
assumptions.

Theorem 1.1

Suppose that f € C°([0,1]) and u € C2([0,1]) satisfies (1.4). Then wu is a solution of (1.1).

Proof

Let v € VNC([0,1]), then

(f,'l)) - Aulvl = _/_QUNU dm—i_u//u'(l) = (_UII’U).

So,
(f+u”w)=0, YoeVnc(o,1]). (1.5)

To finish the proof, it suffices to proof that (1.5) implies —u” = f. Indeed, if not (—u" # f) then
(1.5) implies the existence of zo and z1, 0 < 29 < z1 < 1 such that (f+u") has the same sign on
[zo,z1] i.e f+u”" >00r f4+u” <O0.

take

v(@) = (x —20)*(z —21)?

this implies that (f+u",v) # 0 which is in contradiction with (1.5).

Remark 1.2

The choice of the functional space is crucial. It seems to be natural that the space were we seek
the solution is the same as the space of the test functions v Observe that if the space if with finite
dimension then the weak formulation (1.4) can be reformulated as a linear system Az =b. in that
case, the uniqueness means that A is injective thus it is an isomorphisme this implies the existence
also.But we work here in infinite dimensional case, and the previous theory does not work here.
The existence of solution follows from the Lax-Milgram theorem (see Section 1.3) which suppose
that the space V must be a Hilbert space.

1.1.0.1 Green’s Formula

Let 2 be a bounded open subset of RN with boundary 92 of class C'.

Theorem 1.2

Let v € C1(£2) with compact support in 2. Then we have

ov
[0} O0x;

(x) de = /8911(33)711(1’) ds (1.6)

where n; is the i-th component of the unit outward normal to (2.

The trace theorem (Theorem 1.6) allows us to generalize Green’s formula to elements of the space
HY(0).
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Theorem 1.3

Let £2 be a bounded open subset of RV with boundary 942 of class C'. If u,v are two functions
in H!(w). Then

Quaau; (z) de=— Ou

(x) v(x) daj—i—/ u(z)v(z)n;(x) ds (1.7)

o Ox; 00

Theorem 1.4: (Green)

Let £2 be a bounded open subset of RY with boundary 942 of class C.
If u€ H%(2) and v € H'(£2). Then

7/ Auvdz:/VwVvdx—/ %Uds (1.8)
7 0 a0 On

1.2 Sobolev spaces H'(2), H™({2)

Let £2 be a bounded open subset of RY, C§°(£2) is the space of class C*° with compact support included
in 2 and D’ (1) is the space of distributions defined on 2

Definition 1.3

Given a function v € L?(£2). we say that v has a weak derivative if there exists w; € L?({2), for all
i=1,...,N such that for all ¢ € C§°(£2) we have

0
v ¢ = —/ wip dx
o Oz n
: L v
the functions w; are called the weak derivatives and they are denoted by ETv
i
Definition 1.4
Let £ be an open set of RV, The Sobolev space H'(£2) is given by :
1 2 ou 2 .
H (2)={uelL (Q);a eL*(2),i=1,2,..,N} (1.9)
Ti

is the weak derivative of u
Zq

where

More, generally, Let
a=(a1,a9,...,...;an),q; €N, =12 .. N

a multi index We note

N
— A1 Ha2 XN —
D* =011 057...04", o= g Q.
i=1
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formeN
H™(2)=:{ueD'(2);D* e L*(2) |a|] <m} (1.10)
For m = 0 we have H°(£2) = L?(£2) and for m = 1 we find the definition given by (1.4).
We equiped H™({2) by the inner product:
(U, V) = Z / D*uD%v dz. (1.11)
laj<m ™€
The associated norm is
1/2
[ullme={ > / |Dul? (1.12)
Q

lor|<m

Proposition 1.1

i) If m >m/, H™(£2) is continuously embedded in H™ (£2).
ii) H™(S2) equiped with the inner product (1.11) is a Hilbert spacce.

1.2.1 A Sobolev embedding theorem

Theorem 1.5

1D™ ul oo () < Cllullr,

In addition there exists a function of class C™ equal to u almost every where.

Let £2 be a bounded open subset of R? with Lipschitz boundary m and k two integer numbers
satisfying k —m > 1. Then there exists a positive constant C such that for all u € H*(£2) we have:

(1.13)

1.2.2 Trace theorem

Suppose that (2 is suffiicetly regular (of classe C*, for example), Then we define the trace 7o by :

70 : HY(2)NC°(2) — L*(002)NC°(512)

u—y0(u) =us90

Theorem 1.6

(1.14)

The linear map o given in (1.14)

can be extended to a linear continuous map from H'(§2) to L?(052), i.e., there exists ¢ such that:

lull 2002y < € llull (), Yu € H'(R2).

(1.15)
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1.2.3 L’espace H}(2)

Definition 1.6

Let D(£2) the space of C°° with compact support included in 2. We define H}(2) as the aderence
of D(2) in HY(0) , i.e.,

m”'”l,() — HY().

Theorem 1.7

The H{(£2) is the kernel of 7, i.e.,

HG(2) ={uec H'(2),u/p0 =0}

Lemma 1.1: Poincaré’s inequality

Let 2 a bounded set of RY. Then, there exists a positive C' which depends only on {2 such that:

Vo HY(2), o2 < ClIVoll 2. (L.16)

1.2.3.1 Green’s formula

Let £2 be an open bounded subset of RY with boundary 012 of class C'.

Theorem 1.8

Let v € C'(£2) has a compact support in 2.
Then we have

ov
N 6957

(z) de = /dQv(x)nl(x) ds (1.17)

where n; is the i’th componenet of the exterior normal of (2.

The trace theorem allows the generalisaton of the Green’s formula to the elements of the space H!((2).

Theorem 1.9

Let £2 be an open bounded subset of RN with boundary 92 of class C'. Ii u,v two functions of
H'(w). Then

/ng;’i (z) dz = 7/9 02 v(a) d:v+/ w(@)v(@)ni(z) ds (1.18)

Ox; Jon
Theorem 1.10: (Green)

Let £2 a bounded open subset of RV with boundary 042 of class C.
If ue H%(2) and v € H(£2). Then

—/ Auvda::/Vu-Vvdx—/ @vds (1.19)
Q n a0 On
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1.2.3.2 The spaces H~'(2), H'/?(812) and H~/2(d12)

The space H~1(§2) is by definition the dual space of HZ(£2), i.e This space is equipped with the norm:

, U
[fllg-1(2)= sup A
ueHg(Q)MHl(Q)

The space H'/2(9£2) is the trace space of the element of H'(£2) on the boundary of £2. Thanks to the

inequality (1.15) the space H/2(9£2) is a sub space of L?(9£2). We denote by H~1/2(912) to the dual
space of H/2(912).

1.2.4 The Sobolev spaces WP ((2)

Definition 1.7

The space
WmP(2)={ue LP(2);D%u € LP(N2) for |a]<m}

The norm and the semi norm are given by:
1/p

lollwmoy = [ 3 100120

|| <m
1/p

[vlwme o) = Z HDavHip(Q)

loe|=m.

We observe that this space generalises the space H™, since,

H™(2) = W™2(0)

Definition 1.8

Let £2 C R%. The Sobolev number of the space W™P(2), is given by:

sob(W™P)=m—d/p

1.2.5 Properties of Sobolev space W™P(())

We present here some properties of the Sobolev space W™P({2) without proof for more details see
(voir [3]).

Definition 1.9

A map from the space X to the space Y is compact if it transforms any bounded sequence in X
to a sequence where we can extract a convergente subsequence in Y If X CY we say that the
embedding of X in Y is compact if the identity is compact and we denote it by X — Y.
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Theorem 1.11

Let m > k, sob(W™P(£2)) > sob(W*4(£2)), with Lipschitz boundary 942. Then

W™P(Q) — Wha(02)

We Note that:

u(z) = log ’ log <;|) ’ c Wl’d(Q) \ L (£2) where {2 is the unit ball of R?

and we have have also
sob(Wh4(02))=1—d/d=0=0—d/oo = sob(L™).

We observe that in general, equal Sobolev numbers does not imply necessarily the embbeding
between the corresponding spaces.
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1.3 Well posed problems

In this section we consider problems of the form

FindueW st (1.20)
a(u,v) =F(v), YveV. '

where the form a(,-) is bilinear on W x V' and the form F(-) is continuous on V.

Definition 1.10

We say that the problem (1.20) is well posed (in Hadamard sense) if it has a unique solution
depends continuously on the data (stable).

1.3.1 Laz-Milgram theorem

The Lax-Milgram theorem [13] is an interesting theorem it treats the case V.= W. Consider a variational
problem of the form:

Find v €V s.t
(1.21)
a(u,v) =F(v), YveV.
The proof is based on:
e The Riesz representation theorem, and
e the Banach fixed point theorem
Theorem 1.12: (Lax-Milgram)
Let V be a Hilbert space, equipped with the norm: ||-||y,. We suppose that :
i) the bilinear form a(-,-) is continuous, i.e
B <400, Y(u,v) €V XV, la(u,v)| < Bllullv]vlv;
ii) the bilinear form a(-,-) is coercive, i.e
Ja>0, YueV, a(u,u)>alul?. (1.22)

iii) The linear form F'(-) is bounded, i.e
Fy <+oo, YweV, [F(v)|<v|vllv;
Then the problem (1.21) has a unique solution. Moreover, we have the following a priori estimates:

v
o

Jullv < (1.23)




1.3 Well posed problems
Proof

For all u € V', we define the operator Au by
Au(v) = a(u,v),Yv e V.

Then Au € V' and we have also the map u > Au is linear and continuous from V into V’, i.e.,
A e L(V,V') since we have,
| Au(v)|

o]

[ Aufly» = sup < Bllull
v#0
We use the fact that Au € V', then the Riesz representation theorem claims that:
Jlwg €V, s.t < Au,v >= (wg,v), YveW.

Hence, the proof of Lax-Milgram theorem is equivalent to:

FindueV st
. (1.24)
TAu=wo=7F in V.
where, 7 is the Riesz isomorphism from V' into V.
Or
FindueV st (1.25)
Au=Fin V' '
Then we define the operator
Tw=w-—A1Aw—71F).
If the operator T is a contraction, i.e
IM <1, |[Tz—Ty| <Mlz—y|
then the equation
Tu=u (1.26)

has a unique solution in V.
If it is the case then
MrAu—7F)=0 < TAu="F.

Hence, the problem reduces to prouve that such \ # 0 exists.
For all vy,v2 € V, we put v = v; —wva. Then,
| Tv1 — Twal|? = |Jv1 — v2 — AN(TAvy — T Ao ||?

= |Jv = A(TAv)||? 7 and A are linear
= ||v]|? = 2A(T Av,v) + \?||7 Av||?
= ||v]|? = 2ATAv(v) + A2 Av(TAv)  definition of T
= ||v]|? = 2Xa(v,v) + \2a(v,7Av)  definition of A
< |lv]|* = 2Xa|v]|? + A2 8]|v|| |7 Av||, Continuity and the coercivity of a
< (1-2xa+A?B%)|vr —va?
= M?||Jv; — v

We recall that o and 3 are the coercivity and the continuity constants of the bilinear form a. So,
we need to choose A such that:

1—2Xa+\2B%2 <1, ie., A(A3? —2a) < 0.

2
If we take \ € (O,B—g), then M < 1.
To prouve (1.23), we have:

a(u,v) F(v)

allully < sup = sup —— = || F[|y
vev lvllv  vev V]
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Remark 1.4

The Lax-Milgram theroem gives a sufficient condition for the well-posedness of the variational
problem (1.4).

1.4 The Galerkin Method

The fundamental idea on which the finite element method is built is the Galerkin method. In this section,
we will study the principle of the method, its optimal nature in terms of approximation error and its
reformulation using a linear system.

1.4.1 Principe of the method

Galerkin’s method provides a simple and elegant way to approach the solution of the problem (1.21).

Subsequently, we will always assume that the assumptions of the Lax-Milgram theorem are satisfied
for a problem of the form(1.21), so that this problem is well posed.

The principle of Galerkin’s method consists of replacing the infinite dimensional space V' (where the
exacte solution exist) by a finite dimensional space V}, (where the approximate solution is computed) The
space V}, is called approximation space. The index h refers to the fineness of the mesh which was used to
construct the space Vj; its role will be clarified in the following sections. Subsequently, we will assume

Vi,V
When this condition is satisfied, we speak on conforming approximation. ! The approximate version of

the problem (1.21) consists of

find up, € Vi, st
{ HEHRE TS (1.27)

a(uh,vh) = F(Uh), Yoy, € V.

Proposition 1.2

The approximate problem (1.27) admits one and only one solution.

Proof

The bilinear form a(-,-) being coercive on V', and therefore on V}, since Vj, C V. We conclude using
the Lax-Milgram theorem

1.4.2 A priori error estimation

Our objective is now to estimate the approximation error e, = u —uy, in the norm ||.||y. Let us start by
observing that since V3, C V', we have for all v, € Vj,

a(u,vp) = F(vp).

! We can also design Galerkin methods in a non-conforming framework, i.e.,

Vi ¢V,
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Consequently, the approximate problem (1.27) is equivalent to searching for vy, € V}, such that
a(u—up,vp) =alep,vp) =0 Yo, € V) (1.28)

This equation is called the Galerkin orthogonality relation. When the bilinear form a is symmetric, it
defines a scalar product a(.,.) on V. The assumptions of coercivity and continuity on a mean that the
norm induced by this scalar product is equivalent to the norm ||.||y since

alloll} < a(v,v) <ol Vv eV

The orthogonality relation (1.28) admits a simple geometric interpretation: uy, is the orthogonal projection
on Vj, of the exact solution u with respect to the scalar product a(.,.). (see figure 1.1)

Vi
U
up,
Fig. 1.1 Geometric interpretation V = R?
Lemma 1.2: Cea’s Lemma
We have the following error estimate
Hu—uhHVSé inf |lu—op|v. (1.29)
v VY

Proof

We distinguish two cases

1. If w € V3, in this case, u is solution of the discrete problem (1.27), and by uniqueness of the

solution,
U= Up.
Moreover,
inf — =0.
vlerth ”u Uh”V
So if u € Vi, The estimate (1.29) reduces to the tautology 0 <0
2. Ifué¢Vy.

we have for any uy, € V3,
a(u—uh,u—uh) :a(u—uh,u—vh)-

Using coercivity and the form a, it comes
allu—up | < Bllu—up|vlu—oalv

hence the estimate by dividing by a||u —up||y and taking the infimum on vy, € Vj, .
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1.5 The linear system

V1, being of finite dimension, the approximate problem (1.27) reduces to the resolution of a linear system.
Indeed, let N = dim(V},) and let (p1,...,¢on) be a base of V. Let’s us put

N
up = Ui
i=1

The problem (1.27) is equivalent to looking for U = (ug,...,un) € RY such that

N
Za(@j790¢)uj =b(pi), 1<i<N
j=1

We put

A= (Aiji<ijen ERNN Ay =alp),0:), (1.30)

and
B = (Bi)i<i<y €RY,B; =b(¢i), (1.31)

we obtain the following linear system
AU = B. (1.32)

The A matrix is called the stiffness matrix in reference to the problems in mechanics where it was first
introduced.

The properties of the matrix A are directly inherited from those of the bilinear form af(,-).

We have the following result

Proposition 1.3

If the bilinear form af(-,-) is symmetric, the matrix A is symmetric. Furthermore, if the bilinear
form a(-,-) is coercive, the matrix A is positive definite.

Proof

The property about the symmetry of A is obvious. Let’s show the one on the definite positivity.
Let £ = (&1,...,6n) € RY and let z = vajzl & ;. A direct calculation shows that

N
(& Apy = Y &Aijg

t,j=1

N
> &igales,ei)

ij=1
N N
=a()_&ipj, Y _&ipi)
j=1 i=1
=a(z,x)

so that (£, A¢)pn = 0 implies by coercivity = = 0, that is to say { = 0.
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Construction of finite element spaces

2.1 Ciarlet’s finite element

The first part of the definition is formalised by Ciarlet’s [8] definition of a finite element.

Definition 2.1

Let

1. the element domain K C R™ be a compact set, (with piecewise smooth boundary when n > 1),
2. the space of shape functions P be a finite dimensional space of functions on K, and
3. the set of nodal variables N'= (Np, ..., N) be a basis for the dual space P’.

The triple (K,P,N) is called a finite element.

For the cases considered in this course, K will be a polygon such as a triangle, square, tetrahedron or
cube, and P will be a space of polynomials. Here, P’ is the dual space to P, defined as the space of linear
functions from P to R.

Examples of dual functions to P include:

1. The evaluation of p € P at a point z € K.

2. The integral of p € P over a line L € K.

3. The integral of p € P over K.

4. The evaluation of a component of the derivative of p € P at a point z € K.

Example 2.1: (1-d Lagrange element )

The 1-dimensional Lagrange element (K,P,N') of degree k is defined by

1. the element K is an interval I CR |
2. the space P is the (k+ 1)-dimensional space of all polynomials of degree k on K, and
3. the set of nodal variables N'= (Ny, ..., Ny) given by:

N;(v) = v(xy), a:iza—l—@, YveP, i=0,.... k.

Ciarlet’s finite element provides us with a standard way to define a basis for the P, called the nodal basis.

15
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Definition 2.2

Let (K,P,N) be a finite element. The nodal basis is the basis {¢qg,¢2,...,dr} of P’ that is dual
to NV, i.e
Ni(;) = di;

Given a triple (K,P,N)

Lemma 2.1: (Dual condition)

Let K and P defined as above and let {Ng, N1,...,Ni} € P’. Let {¢0,%1,...,%x} be a basis for P.
Then the following statements are equivalent.

1. {Ng,Ny,...,Ni} is a basis of P’
2. if v € P satisfies N;(v) =0 for i =0,...,k then v =0.

Definition 2.3: (Unisolvence)

We say that N determines P if it satisfies condition 2 of Lemma 2.1. If this is the case, we say
that (K,P,N) is unisolvent.

2.1.1 2D and 3D finite elements

We would like to construct some finite elements with 2D and 3D domains K. The fundamental theorem
of algebra does not directly help us there, but the following lemma is useful when checking that A
determines P in those cases.

et p(z) : RY — R be a polynomial of degree k > 1 that vanishes on a hyperplane ITy, defined by:

I, :={z: L(z) =0}

for a non-degenerate affine function L(z):R% — R. Then p(z) = L(x)q(x) where g(x) is a ploly-
nomial of degree k — 1.




2.1 Ciarlet’s finite element

Proof

Choose coordinates (by shifting the origin and applying a linear transformation) such that « =
(z1,...,2q) with L(z) = x4 so IIy, is defined by x4 =0. Then the general form for a polynomial is

k

. d_l .
e Y — , ) i i
p(x1,...,0q) = E E Cit,eenyig_1,igTd I I Ty
=1

iq=0 \|i1+...+ig_1|<k—iq
then p(z1,...,24—1,0) =0 for all (x1,...,24-1), SO
d—1 )
(A
0= Z cil,---ﬂ'd—honxll
"i1+.‘.+’id,1‘§k’ =1

which means that
C’i17...,id_1,0:0, V|Zl++2d_1| Sk

This means we may rewrite

k ) d—1 )
P(a)=L(z) [ 3 3 Civroiq_rig®q [ ]
=1

ig=1li1+...+ig_1|<k—ig

k—1 (2.1)

d—1
ig—1 7
P(z)= x4 Z Z ci17-~~7id717idwdd Hxll )
=1

L(z) \W=0lir+...4ig_1|<k—iq

Q(z)
with deg(Q) =k —1.

Definition 2.4: (Lagrange elements on triangles)

The triangular Lagrange element of degree k, (K, P,N') denoted Py, is defined as follows.

1. K is a (non-degenerate) triangle with vertices 21,22, 23
2. P is the space of degree k polynomials on K.
3. N={N;;:0<i<k,0<j<i} defined by N; ;j(v) =v(x; ;) where,

)
T =21 +(Z2 —Zl)E—I-(Zg —21)%.

Example 2.2: (P1 elements on triangles)

The nodal basis for P1 elements is point evaluation at the three vertices, i.e

Ni(v) =v(z), i=1,2,3

The P1-Lagrange element on a triangle K is a finite element.
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Proof

Let Li,Lo and L3 be the three lines containing the vertices. Suppose that a polynomial p € P
vanishes at z1, z2 and z3. Since p|z, is a linear function of one variable that vanishes at two
points, p=0 on L;. By Lemma 2.2 we can write P = cLy, where c is a constant. But

0=p(z1)=cLi(z1) = ¢=0

Example 2.3: (P2 elements on triangles)

The nodal basis for P2 elements is point evaluation at the three vertices, plus point evaluation at
the three edge centres, i.e

Niw)=v(z), =123
Nigys(v) =v(ziys3), 1=1,2,3, z;+3 are the three edge centres

The P2-Lagrange element on a triangle K is a finite element.

Proof

We need to check that N determines P. As before, let L1, Ly and L3 be non-trivial linear functions
that define the edges of the triangle. Suppose that the polynomial p € Ps vanishes at z1, zo,. .., 2g.
Since piz, is a quadratic function of one variable that vanishes at three points, p =0 on L;.
By Lemma2.2 we can write P = L1(; where deg@Q; = 1. But p also vanishes on Lo. Therefore,
(L1Q1)|1, = 0. Hence, on Lo, either L; =0 or Q1 =0. But Ly can equal zero only at one point of
Lo since we have a non-degenerate triangle. Therefore, 1 =0 on Lo, except possibly at one point.
By continuity, we have Q1 =0 on Ly. By Lemma 2.2, we can write Q1 = LaQ2, where deg Q2 = 0.
Then we can write P = cLjLs. But p(z6) =0 and zg does not lie on either L; or L. Therefore,

0= p(ZB) = CLl(ZG)LQ(ZG)

since L1(z¢) # 0 and La(zp) # 0 then ¢ =0. Thus p=0.

Definition 2.5: (Cubic Hermite elements on triangles)

The cubic Hermite element is defined as follows:

i) K is a (nondegenerate) triangle,
ii) P is the space of cubic polynomials on K
iii) N ={Ny,Na,...,Nio} defined as follows:

e (N1,N2,N3) evaluation of p at vertices
o (N4,...,Ng) evaluation of the gradient of p at the 3 triangle vertices.
e Njg evaluation of p at the centre of the triangle.

The cubic Hermite element is a finite element.
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Proof

Let Li,Lo and L3 again be non-trivial linear functions that define the edges of the triangle.
Suppose that for a polynomial p € P3, N;(p) =0 for i = 1,2,...,10. Restricting p to L1, we see that
z9 and z3 are double roots of p since p(z2) = 0,p’(22) = 0 and p(z3) = 0,p’(23) =0, where ’ denotes
differentiation along the straight line L. But the only third order polynomial in one variable with
four roots is the zero polynomial, hence hence p =0 along L. Similarly, p =0 along Lo and Ls.
We can, therefore, write

p= CL1 L2 Lg

2.1.2 Global continuity

Next we need to know how to glue finite elements together to form spaces defined over a triangulation
(mesh). To do this we need to develop a language for specifying connections between finite element
functions between element domains

Definition 2.6

A finite element space V}, is a C™ finite element space if u € C™ for all u e V.

2.2 The Interpolant

Now that we have examined a number of finite elements, we wish to piece them together to create
subspaces of Sobolev spaces. We begin by defining the (local) interpolant

Definition 2.7

Given a finite element (K,P,N). Let {¢;, i=1,...,k} be the basis dual to N. If v is a function
for which all N;,i=1,...,k, are defined, then we define the local interpolant by

k

I (v)(z) := ZM(U)@(QT)

i=1

Proposition 2.1

The local interpolant Zx is linear.

Proposition 2.2

Proof

Ni(¢;) = dij
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