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Chapter 1
Basic concepts

1.1 Weak formulation of boundary value problems

Consider the following boundary value problem{
−u′′ =f in ]0,1[
u(0) =u(1) = 0.

(1.1)

If u is the solution of (1.1) and v is a sufficiently regular function satisfies v(0) = v(1) = 0, then multiplying
the first equation of (1.1) by v integrating we get:∫ 1

0
−u′′(x)v(x) dx=

∫ 1

0
f(x)v(x) dx=: (f,v) (1.2)

then integration by parts yields

(f,v) :=
∫ 1

0
u′(x)v′(x) dx=: a(u,v). (1.3)

Let us define (formally, for the moment since the notion of derivative to be used has not been made
precise)

V = {v ∈ L2(]0,1[);a(v,v)<+∞ and v(0) = v(1) = 0}.

Definition 1.1

The space V is called the functional space

Then the solution of (1.1) is characterized by{
u ∈V s.t

a(u,v) =(f,v), ∀v ∈ V.
(1.4)

Definition 1.2

Problem (1.4) is called the weak formulation or the variational problem of problem (1.1).

3



4 1 Basic concepts

Remark 1.1

By construction it is clear that any solution of (1.1) is a solution of (1.4). Of course, the central issue
is that (1.4) gives a solution of (1.1). The following theorem verifies this under some simplifying
assumptions.

Theorem 1.1

Suppose that f ∈ C0([0,1]) and u ∈ C2([0,1]) satisfies (1.4). Then u is a solution of (1.1).

Proof

Let v ∈ V ∩C1([0,1]), then

(f,v) =
∫

Ω
u′v′ dx= −

∫
Ω
u′′v dx+u′v|10 = (−u′′,v).

So,
(f +u′′,v) = 0, ∀v ∈ V ∩C1([0,1]). (1.5)

To finish the proof, it suffices to proof that (1.5) implies −u′′ = f . Indeed, if not (−u′′ ̸= f) then
(1.5) implies the existence of x0 and x1, 0< x0 < x1 < 1 such that (f +u′′) has the same sign on
[x0,x1] i.e f +u′′ > 0 or f +u′′ < 0.
take

v(x) = (x−x0)2(x−x1)2

this implies that (f +u′′,v) ̸= 0 which is in contradiction with (1.5).

Remark 1.2

The choice of the functional space is crucial. It seems to be natural that the space were we seek
the solution is the same as the space of the test functions v Observe that if the space if with finite
dimension then the weak formulation (1.4) can be reformulated as a linear system Ax= b. in that
case, the uniqueness means that A is injective thus it is an isomorphisme this implies the existence
also.But we work here in infinite dimensional case, and the previous theory does not work here.
The existence of solution follows from the Lax-Milgram theorem (see Section 1.3) which suppose
that the space V must be a Hilbert space.

1.1.0.1 Green’s Formula

Let Ω be a bounded open subset of RN with boundary ∂Ω of class C1.

Theorem 1.2

Let v ∈ C1(Ω̄) with compact support in Ω̄. Then we have∫
Ω

∂v

∂xi
(x) dx=

∫
∂Ω

v(x)ni(x) ds (1.6)

where ni is the i-th component of the unit outward normal to Ω.

The trace theorem (Theorem 1.6) allows us to generalize Green’s formula to elements of the space
H1(Ω).
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Theorem 1.3

Let Ω be a bounded open subset of RN with boundary ∂Ω of class C1. If u,v are two functions
in H1(ω). Then ∫

Ω
u
∂v

∂xi
(x) dx= −

∫
Ω

∂u

∂xi
(x) v(x) dx+

∫
∂Ω

u(x)v(x)ni(x) ds (1.7)

Theorem 1.4: (Green)

Let Ω be a bounded open subset of RN with boundary ∂Ω of class C1.
If u ∈H2(Ω) and v ∈H1(Ω). Then

−
∫

Ω
∆u v dx=

∫
Ω

∇u ·∇v dx−
∫

∂Ω

∂u

∂n
v ds (1.8)

1.2 Sobolev spaces H1(Ω),Hm(Ω)

Let Ω be a bounded open subset of RN , C∞
0 (Ω) is the space of class C∞ with compact support included

in Ω and D′(Ω) is the space of distributions defined on Ω

Definition 1.3

Given a function v ∈ L2(Ω). we say that v has a weak derivative if there exists wi ∈ L2(Ω), for all
i= 1, ...,N such that for all ϕ ∈ C∞

0 (Ω) we have∫
Ω
v
∂ϕ

∂xi
= −

∫
Ω
wiϕ dx

the functions wi are called the weak derivatives and they are denoted by ∂v

∂xi
.

Definition 1.4

Let Ω be an open set of RN . The Sobolev space H1(Ω) is given by :

H1(Ω) =: {u ∈ L2(Ω); ∂u
∂xi

∈ L2(Ω), i= 1,2, ...,N} (1.9)

where ∂u

∂xi
is the weak derivative of u

More, generally, Let
α= (α1,α2, ...,αi, ...,αN ),αi ∈ N, i= 1,2, ...,N

a multi index We note

Dα = ∂α1
1 ∂α2

2 ...∂αN
N , |α| =

N∑
i=1

αi.
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Definition 1.5

for m ∈ N
Hm(Ω) =: {u ∈ D′(Ω);Dαu ∈ L2(Ω) |α| ≤m} (1.10)

For m= 0 we have H0(Ω) = L2(Ω) and for m= 1 we find the definition given by (1.4).
We equiped Hm(Ω) by the inner product:

(u,v)m =
∑

|α|≤m

∫
Ω
DαuDαv dx. (1.11)

The associated norm is

∥u∥m,Ω =

 ∑
|α|≤m

∫
Ω

|Dαu|2
1/2

. (1.12)

Proposition 1.1

i) If m≥m′,Hm(Ω) is continuously embedded in Hm′(Ω).
ii) Hm(Ω) equiped with the inner product (1.11) is a Hilbert spacce.

1.2.1 A Sobolev embedding theorem

Theorem 1.5

Let Ω be a bounded open subset of R2 with Lipschitz boundary m and k two integer numbers
satisfying k−m> 1. Then there exists a positive constant C such that for all u ∈Hk(Ω) we have:

∥Dmu∥L∞(Ω) ≤ C∥u∥k,Ω (1.13)

In addition there exists a function of class Cm equal to u almost every where.

1.2.2 Trace theorem

Suppose that Ω is suffiicetly regular (of classe C1, for example), Then we define the trace γ0 by :

γ0 :H1(Ω)∩C0(Ω̄) → L2(∂Ω)∩C0(∂Ω)
u 7→ γ0(u) = u/∂Ω

(1.14)

Theorem 1.6

The linear map γ0 given in (1.14)
can be extended to a linear continuous map from H1(Ω) to L2(∂Ω), i.e., there exists c such that:

∥u∥L2(∂Ω) ≤ c ∥u∥H1(Ω),∀u ∈H1(Ω). (1.15)
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1.2.3 L’espace H1
0 (Ω)

Definition 1.6

Let D(Ω) the space of C∞ with compact support included in Ω. We define H1
0 (Ω) as the aderence

of D(Ω) in H1(Ω) , i.e.,
D(Ω)∥·∥1,Ω =:H1

0 (Ω).

Theorem 1.7

The H1
0 (Ω) is the kernel of γ0, i.e.,

H1
0 (Ω) = {u ∈H1(Ω),u/∂Ω = 0}

Lemma 1.1: Poincaré’s inequality

Let Ω a bounded set of RN . Then, there exists a positive C which depends only on Ω such that:

∀v ∈H1
0 (Ω), ∥v∥L2 ≤ C∥∇v∥L2 . (1.16)

1.2.3.1 Green’s formula

Let Ω be an open bounded subset of RN with boundary ∂Ω of class C1.

Theorem 1.8

Let v ∈ C1(Ω̄) has a compact support in Ω̄.
Then we have ∫

Ω

∂v

∂xi
(x) dx=

∫
∂Ω

v(x)ni(x) ds (1.17)

where ni is the i’th componenet of the exterior normal of Ω.

The trace theorem allows the generalisaton of the Green’s formula to the elements of the space H1(Ω).

Theorem 1.9

Let Ω be an open bounded subset of RN with boundary ∂Ω of class C1. Ii u,v two functions of
H1(ω). Then ∫

Ω
u
∂v

∂xi
(x) dx= −

∫
Ω

∂u

∂xi
(x) v(x) dx+

∫
∂Ω

u(x)v(x)ni(x) ds (1.18)

Theorem 1.10: (Green)

Let Ω a bounded open subset of RN with boundary ∂Ω of class C1.
If u ∈H2(Ω) and v ∈H1(Ω). Then

−
∫

Ω
∆u v dx=

∫
Ω

∇u ·∇v dx−
∫

∂Ω

∂u

∂n
v ds (1.19)



8 1 Basic concepts

1.2.3.2 The spaces H−1(Ω), H1/2(∂Ω) and H−1/2(∂Ω)

The space H−1(Ω) is by definition the dual space of H1
0 (Ω), i.e This space is equipped with the norm:

∥f∥H−1(Ω) = sup
v∈H1

0 (Ω)

⟨f,v⟩
|v|H1(Ω)

The space H1/2(∂Ω) is the trace space of the element of H1(Ω) on the boundary of Ω. Thanks to the
inequality (1.15) the space H1/2(∂Ω) is a sub space of L2(∂Ω). We denote by H−1/2(∂Ω) to the dual
space of H1/2(∂Ω).

1.2.4 The Sobolev spaces W m,p(Ω)

Definition 1.7

The space
Wm,p(Ω) = {u ∈ Lp(Ω);Dαu ∈ Lp(Ω) for |α| ≤m}

The norm and the semi norm are given by:

∥v∥W m,p(Ω) =

 ∑
|α|≤m

∥Dαv∥p
Lp(Ω)

1/p

|v|W m,p(Ω) =

 ∑
|α|=m

∥Dαv∥p
Lp(Ω)

1/p

We observe that this space generalises the space Hm, since,

Hm(Ω) =Wm,2(Ω)

Definition 1.8

Let Ω ⊂ Rd. The Sobolev number of the space Wm,p(Ω), is given by:

sob(Wm,p) =m−d/p

1.2.5 Properties of Sobolev space W m,p(Ω)

We present here some properties of the Sobolev space Wm,p(Ω) without proof for more details see
(voir [3]).

Definition 1.9

A map from the space X to the space Y is compact if it transforms any bounded sequence in X
to a sequence where we can extract a convergente subsequence in Y If X ⊂ Y we say that the
embedding of X in Y is compact if the identity is compact and we denote it by X ↪→ Y.
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Theorem 1.11

Let m> k, sob(Wm,p(Ω)) > sob(W k,q(Ω)), with Lipschitz boundary ∂Ω. Then

Wm,p(Ω) ↪→W k,q(Ω)

We Note that:

u(x) = log
∣∣∣ log

(
|x|
2

)∣∣∣ ∈W 1,d(Ω)\L∞(Ω) where Ω is the unit ball of Rd

and we have have also
sob(W 1,d(Ω)) = 1−d/d= 0 = 0−d/∞ = sob(L∞).

Remark 1.3

We observe that in general, equal Sobolev numbers does not imply necessarily the embbeding
between the corresponding spaces.



10 1 Basic concepts

1.3 Well posed problems

In this section we consider problems of the form{
Find u ∈W s.t

a(u,v) = F (v), ∀v ∈ V.
(1.20)

where the form a(·, ·) is bilinear on W ×V and the form F (·) is continuous on V .

Definition 1.10

We say that the problem (1.20) is well posed (in Hadamard sense) if it has a unique solution
depends continuously on the data (stable).

1.3.1 Lax-Milgram theorem

The Lax-Milgram theorem [13] is an interesting theorem it treats the case V =W . Consider a variational
problem of the form: {

Find u ∈V s.t
a(u,v) =F (v), ∀v ∈ V.

(1.21)

The proof is based on:

• The Riesz representation theorem, and
• the Banach fixed point theorem

Theorem 1.12: (Lax-Milgram)

Let V be a Hilbert space, equipped with the norm: ∥ · ∥V . We suppose that :

i) the bilinear form a(·, ·) is continuous, i.e

∃β <+∞, ∀(u,v) ∈ V ×V, |a(u,v)| ≤ β∥u∥V ∥v∥V ;

ii) the bilinear form a(·, ·) is coercive, i.e

∃α > 0, ∀u ∈ V, a(u,u) ≥ α∥u∥2
V . (1.22)

iii) The linear form F (·) is bounded, i.e

∃γ <+∞, ∀v ∈ V, |F (v)| ≤ γ∥v∥V ;

Then the problem (1.21) has a unique solution. Moreover, we have the following a priori estimates:

∥u∥V ≤ ∥F∥V ′

α
. (1.23)
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Proof

For all u ∈ V , we define the operator Au by

Au(v) = a(u,v),∀v ∈ V.

Then Au ∈ V ′ and we have also the map u 7→ Au is linear and continuous from V into V ′, i.e.,
A ∈ L(V,V ′) since we have,

∥Au∥V ′ = sup
v ̸=0

|Au(v)|
∥v∥

≤ β∥u∥

We use the fact that Au ∈ V ′, then the Riesz representation theorem claims that:

∃!w0 ∈ V, s.t <Au,v >= (w0,v), ∀v ∈ V.

Hence, the proof of Lax-Milgram theorem is equivalent to:{
Find u ∈ V s.t
τAu= w0 = τF in V.

(1.24)

where, τ is the Riesz isomorphism from V ′ into V .
Or {

Find u ∈ V s.t
Au= F in V ′.

(1.25)

Then we define the operator
Tw = w−λ(τAw− τF ).

If the operator T is a contraction, i.e

∃M < 1, ∥Tx−Ty∥ ≤M∥x−y∥

then the equation
Tu= u (1.26)

has a unique solution in V .
If it is the case then

λ(τAu− τF ) = 0 ⇐⇒ τAu= τF.

Hence, the problem reduces to prouve that such λ ̸= 0 exists.
For all v1,v2 ∈ V , we put v = v1 −v2. Then,

∥Tv1 −Tv2∥2 = ∥v1 −v2 −λ(τAv1 − τAv2)∥2

= ∥v−λ(τAv)∥2 τ and A are linear
= ∥v∥2 −2λ(τAv,v)+λ2∥τAv∥2

= ∥v∥2 −2λτAv(v)+λ2Av(τAv) definition of τ
= ∥v∥2 −2λa(v,v)+λ2a(v,τAv) definition of A
≤ ∥v∥2 −2λα∥v∥2 +λ2β∥v∥∥τAv∥, Continuity and the coercivity of a
≤ (1−2λα+λ2β2)∥v1 −v2∥2

=M2∥v1 −v2∥2.

We recall that α and β are the coercivity and the continuity constants of the bilinear form a. So,
we need to choose λ such that:

1−2λα+λ2β2 < 1, i.e., λ(λβ2 −2α)< 0.

If we take λ ∈ (0, 2α
β2 ), then M < 1.

To prouve (1.23), we have:

α∥u∥V ≤ sup
v∈V

a(u,v)
∥v∥V

= sup
v∈V

F (v)
∥v∥

= ∥F∥V ′
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Remark 1.4

The Lax-Milgram theroem gives a sufficient condition for the well-posedness of the variational
problem (1.4).

1.4 The Galerkin Method

The fundamental idea on which the finite element method is built is the Galerkin method. In this section,
we will study the principle of the method, its optimal nature in terms of approximation error and its
reformulation using a linear system.

1.4.1 Principe of the method

Galerkin’s method provides a simple and elegant way to approach the solution of the problem (1.21).
Subsequently, we will always assume that the assumptions of the Lax-Milgram theorem are satisfied

for a problem of the form(1.21), so that this problem is well posed.
The principle of Galerkin’s method consists of replacing the infinite dimensional space V (where the

exacte solution exist) by a finite dimensional space Vh (where the approximate solution is computed) The
space Vh is called approximation space. The index h refers to the fineness of the mesh which was used to
construct the space Vh; its role will be clarified in the following sections. Subsequently, we will assume

Vh ⊂ V

When this condition is satisfied, we speak on conforming approximation. 1 The approximate version of
the problem (1.21) consists of {

find uh ∈ Vh s.t
a(uh,vh) = F (vh), ∀vh ∈ Vh.

(1.27)

Proposition 1.2

The approximate problem (1.27) admits one and only one solution.

Proof

The bilinear form a(·, ·) being coercive on V , and therefore on Vh since Vh ⊂ V . We conclude using
the Lax-Milgram theorem

1.4.2 A priori error estimation

Our objective is now to estimate the approximation error eh = u−uh in the norm ∥.∥V . Let us start by
observing that since Vh ⊂ V , we have for all vh ∈ Vh,

a(u,vh) = F (vh).
1 We can also design Galerkin methods in a non-conforming framework, i.e.,

Vh ⊈ V,
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Consequently, the approximate problem (1.27) is equivalent to searching for vh ∈ Vh such that

a(u−uh,vh) = a(eh,vh) = 0 ∀vh ∈ Vh (1.28)

This equation is called the Galerkin orthogonality relation. When the bilinear form a is symmetric, it
defines a scalar product a(., .) on V . The assumptions of coercivity and continuity on a mean that the
norm induced by this scalar product is equivalent to the norm ∥.∥V since

α∥v∥2
V ≤ a(v,v) ≤ β∥v∥2

V , ∀v ∈ V.

The orthogonality relation (1.28) admits a simple geometric interpretation: uh is the orthogonal projection
on Vh of the exact solution u with respect to the scalar product a(., .). (see figure 1.1)

uh

u
Vh

Fig. 1.1 Geometric interpretation V = R2

Lemma 1.2: Cea’s Lemma

We have the following error estimate

∥u−uh∥V ≤ β

α
inf

vh∈Vh

∥u−vh∥V . (1.29)

Proof

We distinguish two cases

1. If u ∈ Vh, in this case, u is solution of the discrete problem (1.27), and by uniqueness of the
solution,

u= uh.

Moreover,
inf

vh∈Vh

∥u−vh∥V = 0.

So if u ∈ Vh. The estimate (1.29) reduces to the tautology 0 ≤ 0
2. If u /∈ Vh.

we have for any uh ∈ Vh,
a(u−uh,u−uh) = a(u−uh,u−vh).

Using coercivity and the form a, it comes

α∥u−uh∥2
V ≤ β∥u−uh∥V ∥u−vh∥V

hence the estimate by dividing by α∥u−uh∥V and taking the infimum on vh ∈ Vh .
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1.5 The linear system

Vh being of finite dimension, the approximate problem (1.27) reduces to the resolution of a linear system.
Indeed, let N = dim(Vh) and let (φ1, ...,φN ) be a base of Vh. Let’s us put

uh =
N∑

i=1
uiφi

The problem (1.27) is equivalent to looking for U = (u1, ...,uN ) ∈ RN such that

N∑
j=1

a(φj ,φi)uj = b(φi), 1 ≤ i≤N

We put
A= (Aij)1≤i,j≤N ∈ RN,N , Aij = a(φj ,φi), (1.30)

and
B = (Bi)1≤i≤N ∈ RN ,Bi = b(φi), (1.31)

we obtain the following linear system
AU =B. (1.32)

The A matrix is called the stiffness matrix in reference to the problems in mechanics where it was first
introduced.
The properties of the matrix A are directly inherited from those of the bilinear form a(·, ·).
We have the following result

Proposition 1.3

If the bilinear form a(·, ·) is symmetric, the matrix A is symmetric. Furthermore, if the bilinear
form a(·, ·) is coercive, the matrix A is positive definite.

Proof

The property about the symmetry of A is obvious. Let’s show the one on the definite positivity.
Let ξ = (ξ1, ..., ξN ) ∈ RN and let x=

∑N
i,j=1 ξiφi. A direct calculation shows that

(ξ,Aξ)RN =
N∑

i,j=1
ξiAijξj

=
N∑

i,j=1
ξiξja(φj ,φi)

= a(
N∑

j=1
ξiφj ,

N∑
i=1

ξiφi)

= a(x,x)

so that (ξ,Aξ)RN = 0 implies by coercivity x= 0, that is to say ξ = 0.



Chapter 2
Construction of finite element spaces

2.1 Ciarlet’s finite element

The first part of the definition is formalised by Ciarlet’s [8] definition of a finite element.

Definition 2.1

Let

1. the element domain K ⊂ Rn be a compact set, (with piecewise smooth boundary when n> 1),
2. the space of shape functions P be a finite dimensional space of functions on K, and
3. the set of nodal variables N = (N0, . . . ,Nk) be a basis for the dual space P ′.

The triple (K,P,N ) is called a finite element.

For the cases considered in this course, K will be a polygon such as a triangle, square, tetrahedron or
cube, and P will be a space of polynomials. Here, P ′ is the dual space to P, defined as the space of linear
functions from P to R.
Examples of dual functions to P include:

1. The evaluation of p ∈ P at a point x ∈K.
2. The integral of p ∈ P over a line L ∈K.
3. The integral of p ∈ P over K.
4. The evaluation of a component of the derivative of p ∈ P at a point x ∈K.

Example 2.1: (1-d Lagrange element )

The 1-dimensional Lagrange element (K,P,N ) of degree k is defined by

1. the element K is an interval I ⊂ R ,
2. the space P is the (k+1)-dimensional space of all polynomials of degree k on K, and
3. the set of nodal variables N = (N0, . . . ,Nk) given by:

Ni(v) = v(xi), xi = a+ (b−a)i
k

, ∀v ∈ P, i= 0, . . . ,k.

Ciarlet’s finite element provides us with a standard way to define a basis for the P, called the nodal basis.

15
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Definition 2.2

Let (K,P,N ) be a finite element. The nodal basis is the basis {ϕ0,ϕ2, . . . ,ϕk} of P ′ that is dual
to N , i.e

Ni(ϕj) = δij

Given a triple (K,P,N )

Lemma 2.1: (Dual condition)

Let K and P defined as above and let {N0,N1, . . . ,Nk} ∈ P ′. Let {ψ0,ψ1, . . . ,ψk} be a basis for P.
Then the following statements are equivalent.

1. {N0,N1, . . . ,Nk} is a basis of P ′

2. if v ∈ P satisfies Ni(v) = 0 for i= 0, . . . ,k then v = 0.

Definition 2.3: (Unisolvence)

We say that N determines P if it satisfies condition 2 of Lemma 2.1. If this is the case, we say
that (K,P,N ) is unisolvent.

2.1.1 2D and 3D finite elements

We would like to construct some finite elements with 2D and 3D domains K. The fundamental theorem
of algebra does not directly help us there, but the following lemma is useful when checking that N
determines P in those cases.

Lemma 2.2

et p(x) : Rd → R be a polynomial of degree k ≥ 1 that vanishes on a hyperplane ΠL defined by:

ΠL := {x : L(x) = 0}

for a non-degenerate affine function L(x) : Rd → R. Then p(x) = L(x)q(x) where q(x) is a ploly-
nomial of degree k−1.
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Proof

Choose coordinates (by shifting the origin and applying a linear transformation) such that x =
(x1, . . . ,xd) with L(x) = xd so ΠL is defined by xd = 0. Then the general form for a polynomial is

p(x1, . . . ,xd) =
k∑

id=0

 ∑
|i1+...+id−1|≤k−id

ci1,...,id−1,id
x

id
d

d−1∏
l=1

x
il
l

 ,

then p(x1, . . . ,xd−1,0) = 0 for all (x1, . . . ,xd−1), so

0 =

 ∑
|i1+...+id−1|≤k

ci1,...,id−1,0

d−1∏
l=1

x
il
l


which means that

ci1,...,id−1,0 = 0, ∀|i1 + . . .+ id−1| ≤ k.

This means we may rewrite

P (x) = L(x)

 k∑
id=1

∑
|i1+...+id−1|≤k−id

ci1,...,id−1,id
x

id−1
d

d−1∏
l=1

x
il
l


︸ ︷︷ ︸

,

P (x) = xd︸︷︷︸
L(x)

 k−1∑
id=0

∑
|i1+...+id−1|≤k−id

ci1,...,id−1,id
x

id−1
d

d−1∏
l=1

x
il
l


︸ ︷︷ ︸

Q(x)

,

(2.1)

with deg(Q) = k−1.

Definition 2.4: (Lagrange elements on triangles)

The triangular Lagrange element of degree k, (K,P,N ) denoted Pk, is defined as follows.

1. K is a (non-degenerate) triangle with vertices z1,z2,z3
2. P is the space of degree k polynomials on K.
3. N = {Ni,j : 0 ≤ i≤ k, 0 ≤ j ≤ i} defined by Ni,j(v) = v(xi,j) where,

xi,j = z1 +(z2 −z1) i
k

+(z3 −z1) j
k
.

Example 2.2: (P1 elements on triangles)

The nodal basis for P1 elements is point evaluation at the three vertices, i.e

Ni(v) = v(zi), i= 1,2,3

Lemma 2.3

The P1-Lagrange element on a triangle K is a finite element.
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Proof

Let L1,L2 and L3 be the three lines containing the vertices. Suppose that a polynomial p ∈ P
vanishes at z1, z2 and z3. Since p|L1 is a linear function of one variable that vanishes at two
points, p= 0 on L1. By Lemma 2.2 we can write P = cL1, where c is a constant. But

0 = p(z1) = cL1(z1) =⇒ c= 0

Example 2.3: (P2 elements on triangles)

The nodal basis for P2 elements is point evaluation at the three vertices, plus point evaluation at
the three edge centres, i.e

Ni(v) = v(zi), i= 1,2,3
Ni+3(v) = v(zi+3), i= 1,2,3, zi+3 are the three edge centres

Lemma 2.4

The P2-Lagrange element on a triangle K is a finite element.

Proof

We need to check that N determines P. As before, let L1,L2 and L3 be non-trivial linear functions
that define the edges of the triangle. Suppose that the polynomial p ∈ P2 vanishes at z1,z2, . . . ,z6.
Since p|L1 is a quadratic function of one variable that vanishes at three points, p = 0 on L1.
By Lemma2.2 we can write P = L1Q1 where degQ1 = 1. But p also vanishes on L2. Therefore,
(L1Q1)|L2 = 0. Hence, on L2, either L1 = 0 or Q1 = 0. But L1 can equal zero only at one point of
L2 since we have a non-degenerate triangle. Therefore, Q1 = 0 on L2, except possibly at one point.
By continuity, we have Q1 = 0 on L2. By Lemma 2.2, we can write Q1 =L2Q2, where deg Q2 = 0.
Then we can write P = cL1L2. But p(z6) = 0 and z6 does not lie on either L1 or L2. Therefore,

0 = p(z6) = cL1(z6)L2(z6)

since L1(z6) ̸= 0 and L2(z6) ̸= 0 then c= 0. Thus p= 0.

Definition 2.5: (Cubic Hermite elements on triangles)

The cubic Hermite element is defined as follows:

i) K is a (nondegenerate) triangle,
ii) P is the space of cubic polynomials on K
iii) N = {N1,N2, . . . ,N10} defined as follows:

• (N1,N2,N3) evaluation of p at vertices
• (N4, . . . ,N9) evaluation of the gradient of p at the 3 triangle vertices.
• N10 evaluation of p at the centre of the triangle.

Lemma 2.5

The cubic Hermite element is a finite element.
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Proof

Let L1,L2 and L3 again be non-trivial linear functions that define the edges of the triangle.
Suppose that for a polynomial p∈ P3,Ni(p) = 0 for i= 1,2, . . . ,10. Restricting p to L1, we see that
z2 and z3 are double roots of p since p(z2) = 0,p′(z2) = 0 and p(z3) = 0,p′(z3) = 0, where ’ denotes
differentiation along the straight line L1. But the only third order polynomial in one variable with
four roots is the zero polynomial, hence hence p = 0 along L1. Similarly, p = 0 along L2 and L3.
We can, therefore, write

p= cL1L2L3

2.1.2 Global continuity

Next we need to know how to glue finite elements together to form spaces defined over a triangulation
(mesh). To do this we need to develop a language for specifying connections between finite element
functions between element domains

Definition 2.6

A finite element space Vh is a Cm finite element space if u ∈ Cm for all u ∈ V .

2.2 The Interpolant

Now that we have examined a number of finite elements, we wish to piece them together to create
subspaces of Sobolev spaces. We begin by defining the (local) interpolant

Definition 2.7

Given a finite element (K,P,N ). Let {ϕi, i= 1, . . . ,k} be the basis dual to N . If v is a function
for which all Ni, i= 1, . . . ,k, are defined, then we define the local interpolant by

IK(v)(x) :=
k∑

i=1
Ni(v)ϕi(x)

Proposition 2.1

The local interpolant IK is linear.

Proposition 2.2

Ni(IK(v)) =Ni(v)

Proof

Ni(ϕj) = δij
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