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General framework

Consider the following problem:

Find u € W such that (1)
a(u,v) =f(v), VYveV

where :
Q@ W and V are Hilbert spaces of functions defined over a domain €,
Q feV/i andae L(W x V;R).

We assume that the bilinear form a satisfies the conditions of the
Babushka Theorem. Problem (1) is therefore well-posed.
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Let W), and V}, be two approximation spaces constructed from a family
{Th}pso of meshes of €.
Consider the approximate problem:

Find u, € W), such that
{ (2)
ap (

up, Vh) = fh (Vh), VVh c Vh

where ap and f;, are approximations to the bilinear form a and the linear
form f, respectively. We assume that (2) is well-posed and that suitable
consistency and approximability properties hold to ensure that up
converges to the exact solution v as h — 0.

Lecture 2: Residual a posteriori error estimate 4/21



A function e (h, up, f) is said to be an a posteriori error estimate if
Ju— uh”W(h) < e(h, up, f) (3)

Furthermore, if e (h, up, f) can be localized in the form

e(hyun, £) = | Y nk (un, ) (4)

KeTs
the quantities (up, f) are called local error indicators.

The estimate (3) is sometimes called a reliability property since it shows
that e (h, up, f) controls the error u — uy in the natural stability norm.
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Clément interpolant

The Lagrange interpolant is not well defined for the functions of the
Sobolev space H*(Q) for Q C RY,d > 2.
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Clément interpolant

The Lagrange interpolant is not well defined for the functions of the
Sobolev space H}(Q) for Q@ € RY,d > 2. An interpolation technique to
handle functions in L' using H'-conformal Lagrange finite elements was
first analyzed by Clément.

Theorem (Clément interpolant)

There exists an operator Cp, from H™(2) to H™ () such that, for every
triangle T € Tp, every edge e € &, and every function v € H™(Q), there
exists a constant ¢ > 0 such that, for 0 < m < £:

lv = CavlimT < ¢ hT ™[IVl (m)

5)
{—m—1/2 (
lv = Cavllme < ¢ B |IVllev(e)
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Figure: L'ensemble V/(e) et I'ensemble V(T)
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Let Q be a polyhedron in R?, f € [?(Q), and consider the problem:
Seek u € H}(Q) such that

1 (6)
a(u,v)= [ fv, Vve Hy(R)
Q
where a(u, v) = fQ Vu - Vv. Leaving room for generalizations, we shall
not use the coercivity of the bilinear form a but only assume that a
satisfies the conditions of Babushka Theorem. In particular, we assume
that there exists a > 0 such that
a(u, v)

inf sup —————— >« (7)
ueHF(Q) veHL(Q) [ullrellv1e
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For the sake of simplicity, we restrict the presentation to simplicial, affine
mesh families, say {7p},-. Let Vi be a H}(S2)-conformal approximation
space based on Tp, and a Lagrange finite element of degree k. This yields
the approximate problem:

Find up € V}, such that

8
a(uh,vh):/ﬂfvh, Vv, € Vy ( )

Assuming that the exact solution is smooth enough, the following a priori
error estimate holds:

Nl=

: K
Ju—unlq < e inf Ju=villg < | 3 WEIuIR 1
h="h KeTh,
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To derive an a posteriori error estimate, we use the stability property (7)
to obtain

a(u—upv) (A (u = un), Vin-s iy

_ < <
allu—uslq < "y Ve — v Ivilie
vEHo(Q) ’ VEHO(Q) ,
< |If + Aupll_y o

This yields our first a posteriori error estimate.

Proposition

Let u solve (6) and up solve (8). Then,

1
lu = unlly g < = IIF + Bunll_y (9)

The main difficulty with the a posteriori estimate (9) is that the norm
|| - |l-1,0 cannot be localized.

Lecture 2: Residual a posteriori error estimate 10 /21



To derive a local error indicator, we still use the idea of integration by
parts to eliminate the exact solution, but we perform it elementwise. Let
.7-"}7 be the set of interior faces. For F € ]-",11 with F = K1 N K>, denote by
n1 and ny the outward normal to Ki and Kj, respectively. Let [Onup] be
the jump of the normal derivative of uy across F, i.e.,

[Onun] = Vupk, - m + Vugk, - n2.
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The main result is stated in the following:

Let u solve (6) and wuj, solve (8). Assume that the family {Z,},. is
shape-regular. Then, there is ¢ such that

vh, lu—unllig <c| Yk (unf)® (10)
KETh

with local error indicators

1 1
i (s £) = hic [IF + Dunllo e+ 5 > bENaunllo e (11)
FeFk

where Fi is the set of faces of K that are not on 9Q and hg = diam(F).
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Since a(u — up, vi) = 0 for all v, € V}, the stability inequality (7) gives

a(u— up, v —vp)

1
Vvp€ Vi |lu—upllio < — sup
@ veHL(Q) [vi10

We can expand the numerator of the right-hand side as follows:

a(u— up,v—vp) = /Q(—Au)(v — i) — Vup- V(v —vp)

_Z<A(f+Auh V—Vh Z (auh)V—Vh)>

TET, ecdT V¢

Here, e denotes a face of an element T.
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Since v — vy, is zero on the boundary of Q, the sum over e involves only
the faces that are shared between two elements. These faces are thus
interfaces. Since v — v, is continuous across each interface e, we have:

1
a(u—up, v—vi) < > | IIf + Aupllo,7llv = valloT + > 5 10nunllioellv = valloe
TeTh ec&l

Here, £7 denotes the set of faces of T that are not on the boundary.
Now, we choose vi = Cpv, where Cj, is the Clément operator. Applying
the estimates from the Clément interpolant, we obtain:

1
a(u—un,v—vi) < > | brllf+ AusllorIvinvir + D §|e|1/2||[[anuhﬂ||o,e
TETh ec&h

vl

<|lv

1
e | Do [ P71+ Bunlsr + D Slell[Daunlll3.e
TETh ecgh
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Thus, we have

N[

lu—unllio <c | D nr(unfh)?|
TETh

where

1 1
n7(un, £, h) = hrllf + Aupllo,T + 5 > lel2[I[Onunlllo.e-

ec&h
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Optimality

Lemma (Bubble function)

Let by € H}(T) a function s.t :
Q0<bhr<i1
@ IDC T stmesD >0et br|p>1/2

Let m € N. There exists ¢; > 0 and ¢ > 0 such that for all ¢ € P,(T)
we have

Ibrdllo.7 < lllo.r < cullbX2ell0. 7 (12)
brol, T < 27|07 (13)
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Prolongation Operator

Let be € H}(e) a function s.t:
Q@ 0<b <1
@ ID C V(e) stmesD >0et belp >1/2

Let m € N. There exists ¢; > 0 and ¢ > 0 such that for all function
¢ € Ppy(e) we have

1bedllo.e < [Dllo.e < c1llbr>dllo.e (14)
c2lel2[dllo.e < l|bePe(9)llo.ve) < cslel*?[ o, (15)
|bedl1,v(e) < cale] 2|0 (16)

Pe1(¢) on T,

¥ € Pile) Pe(qs):{P T o T
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For an a posteriori estimator to be locally efficient or optimal, it is
necessary to demonstrate that the indicator satisfies an inequality of the

form:
nt(up, f h) <c (\U — Uply,v(ry + hr inf [|f — Vh”O,V(T)) , o (18)
VhEZyh

where Zyp, is a data approximation space defined by:

Zin = {vi € L2(Q) | VT € Ty, v T € Po(T)} (19)

Assume that the family 7, is regular. Then, there exists ¢ > 0 such that

nt(up, f) < c (HU — uplli,o + b7 inf ||f — Vh||0,9> :
VhE€Zop

Lecture 2: Residual a posteriori error estimate 18 /21



In the last inequality, we used the fact that br(vy, + Aup) is zero on the
boundary of T, which allowed us to use it as a test function. Then, the
inverse inequality (12) gives:

Ivh + Aupllg. 7 < Ju— uply,7 |67 (v + Aup) 1, + v — Fllo,7 [Ivh + Aullo;:
< (ch}1|u — uh|1,Q + HVh — fHo"r) HVh + Auy

0,T-

This gives:
v+ Aupllo, 7 < chyt|u = 1,7 + [[vi = Fllo,T- (20)

Thus, since vy, is arbitrary, we obtain:

hTHf + AUh“O,T < C <|u — Uh|1,T + hT inf HVh — f||0,T> . (21)
VhEZpy
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To bound the second term

1 1
5 > lel2 1 [0nunlllo.e,

ec&l

since the term [0 up] | belongs to P (e), the prolongation operator gives:

el [Onunlli3e < |6 [Onun]

e = [[10nus] (b [0ru1])
< /[[8,,(uh — u)] (be Pe([Onup])) (since [[anu]]|e =0).

Next, we use the fact that be Pe([Onup]) is a test function for u, which is
zero on the boundary of V(e).
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We obtain

cl[Onunlllf.e < / V(u = up)V(bePe([Onunl)) + /bP ([0nun]) L

TeV(e)

< |u—tnlviey e [[Ontnllloe + > lbePe([0nunl)lo, T I
TeV(e)

We again use the previously obtained bound for ||f + Aupllo, 7, and
applying the bubble function estimate, we obtain:

e[| [Onun]llo,e < C <|U — Unl1,v(e) + b7 _inf vy — fllo,V(e)) - (22)
VhEZhg
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