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@ Variational formulation

© Green's Formula

© Sobolev spaces H1(Q), H™(Q)
@ A Sobolev embedding theorem
© Trace theorem

@ The space H}(Q)
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Model problem in 1d

Consider the following boundary value problem

—u" =fin]0,1]
oy (1)
u(0) =u(1) = 0.
If u is the solution of (1) and v is a sufficiently regular function satisfies

v(0) = v(1) = 0, then multiplying the first equation of (1) by v
integrating we get:
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Model problem in 1d

Consider the following boundary value problem

" =f in]0,1]
{U(O) =u(l) =0. ()

If u is the solution of (1) and v is a sufficiently regular function satisfies
v(0) = v(1) = 0, then multiplying the first equation of (1) by v
integrating we get:

1 1
= ovt) ax = [ v de = (5.0 (2)

then integration by parts yields
1
(f,v)= / U (x)V(x) dx =: a(u, v). (3)
0
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Let us define formally!

V ={v e %(]0,1]); a(v, v) < +o0 and v(0) = v(1) = 0}.

for the moment since the notion of derivative to be used has-not been made precise
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Let us define formally!

V ={v e %(]0,1]); a(v, v) < +o0 and v(0) = v(1) = 0}.

The space V is called the functional space

Then the solution of (1) is characterized by

Find u eV s.t
{ (4)

a(u,v) =(f,v), VYvelV.

for the moment since the notion of derivative to be used has-not been made precise

Lecture 1: Variational formulation and Sobolev spaces 4 /17



Let us define formally!

V ={v e %(]0,1]); a(v, v) < +o0 and v(0) = v(1) = 0}.

The space V is called the functional space

Then the solution of (1) is characterized by

Find u eV st
a(u,v) =(f,v), VYvelV.

Problem (4) is called the weak formulation or the variational problem of
problem (1).

for the moment since the notion of derivative to be used has-not been made precise
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By construction it is clear that any solution of (1) is a solution of (4). Of
course, the central issue is that (4) gives a solution of (1).
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By construction it is clear that any solution of (1) is a solution of (4). Of
course, the central issue is that (4) gives a solution of (1). The following
theorem verifies this under some simplifying assumptions.
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By construction it is clear that any solution of (1) is a solution of (4). Of
course, the central issue is that (4) gives a solution of (1). The following
theorem verifies this under some simplifying assumptions.

Suppose that f € C°([0,1]) and u € C?([0, 1]) satisfies (4). Then u is a
solution of (1).
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Let v € V N C([0,1]), then

(f,v) = /Q u'v dx = —/Q u"v dx + u'v\(l) = (=d",v).
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Let v € V N C([0,1]), then

(f,v) = /Q u'v dx = —/Q u"v dx + u'v\(l) = (=d",v).

So,
(f+d",v)=0, VYveVncio,1]). (5)

To finish the proof, it suffices to proof that (5) implies —u” = f.
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Let v € V N C([0,1]), then

(f,v) = /Q u'v dx = —/Q u"v dx + u'v\(l) = (=d",v).

So,
(f+d",v)=0, VYveVncio,1]). (5)

To finish the proof, it suffices to proof that (5) implies —u” = f. Indeed, if
not (—u” # f) then (5) implies the existence of xy and xq,

0 < xp < x1 < 1 such that (f + ) has the same sign on [xo, x1] i.e
f+u" >00r f+u" <0.
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Let v € V N C([0,1]), then
(f,v) = /Q uv' o= _/Q u"v dx +u'vig = (—u",v).

So,
(f+d",v)=0, VYveVncio,1]). (5)

To finish the proof, it suffices to proof that (5) implies —u” = f. Indeed, if
not (—u” # f) then (5) implies the existence of xy and xq,
0 < xp < x1 < 1 such that (f + ) has the same sign on [xo, x1] i.e
f+u" >00r f+u" <0.
take

V(%) = (x — %0)2(x — x1)?

this implies that (f + v, v) # 0 which is in contradiction with (5).
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@ The choice of the functional space is crucial. It seems to be natural
that the space where we seek the solution is the same as the space of
the test functions v.
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@ The choice of the functional space is crucial. It seems to be natural
that the space where we seek the solution is the same as the space of
the test functions v.

@ Observe that if the space if with finite dimension then the weak
formulation (4) can be reformulated as a linear system Ax = b. in
that case, the uniqueness means that A is injective thus it is an
isomorphisme this implies the existence also.
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@ The choice of the functional space is crucial. It seems to be natural
that the space where we seek the solution is the same as the space of
the test functions v.

@ Observe that if the space if with finite dimension then the weak
formulation (4) can be reformulated as a linear system Ax = b. in
that case, the uniqueness means that A is injective thus it is an
isomorphisme this implies the existence also.

@ But we work here in infinite dimensional case, and the previous theory
does not work here. The existence of solution follows from the
Lax-Milgram theorem which suppose that the space V must be a
Hilbert space.
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Let Q be a bounded open subset of RN with boundary 9Q of class C?.
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Let Q be a bounded open subset of RN with boundary 9Q of class C?.

(Green's Formula 1)

Let v € C1(Q) with compact support in Q. Then we have

where n; is the i-th component of the unit outward normal to €.
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Let Q be a bounded open subset of RN with boundary 9Q of class C?.

(Green's Formula 1)

Let v € C1(Q) with compact support in Q. Then we have

—(X) dx = /{m v(x)ni(x) ds (6)

where n; is the i-th component of the unit outward normal to €.

We can generalize Green's formula to elements of the space H!(Q).
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where n; is the i-th component of the unit outward normal to €.
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u, v are two functions in H(w).
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Let Q be a bounded open subset of RN with boundary 9Q of class C?.

(Green's Formula 1)

Let v € C1(Q) with compact support in Q. Then we have

where n; is the i-th component of the unit outward normal to €.

We can generalize Green's formula to elements of the space H!(Q).

Let Q be a bounded open subset of RV with boundary 9Q of class C1. If
u, v are two functions in H(w). Then

ov B @
 Ja 0xi

(x) v(x) dx+/ u(x)v(x)ni(x) ds  (7)

o
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(Green's formula Il)

Let Q be a bounded open subset of RV with boundary 9Q of class C?.
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(Green's formula Il)

Let Q be a bounded open subset of RV with boundary 9Q of class C?.
If u€ H3(Q) and v € HY(Q).
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(Green's formula Il)

Let Q be a bounded open subset of RV with boundary 9Q of class C?.
If u€ H3(Q) and v € HY(Q). Then

/Auvdx—/Vu Vvdx—/—vds (8)
85'2
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Sobolev Spaces

Let Q be a bounded open subset of RV,
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Sobolev Spaces

Let Q be a bounded open subset of RV,

Definition

C5°(Q) is the space of class C*° with compact support included in © and
D'(RQ) is the space of distributions defined on .
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Sobolev Spaces

Let Q be a bounded open subset of RV,

C5°(Q) is the space of class C*° with compact support included in © and
D'(RQ) is the space of distributions defined on .

Definition
Given a function v € L?(9).

v
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Sobolev Spaces

Let Q be a bounded open subset of RV,

C5°(Q) is the space of class C*° with compact support included in © and
D'(RQ) is the space of distributions defined on .

Definition

Given a function v € L?(2). We say that v has a weak derivative if there
exists w; € L%(R), for all i = 1, ..., N such that for all ¢ € C5°(Q) we have

va(p:—/w,-qs dx
o Ox Q

the functions w; are called the weak derivatives and they are denoted by
ov

6X,' '
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The Sobolev space H'()

Let Q be an open set of RV,
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The Sobolev space H'()

Let Q be an open set of RV. The Sobolev space H'(Q) is given by :
u

HY(Q) =: {u € [3(Q); % € L?(Q),i=1,2,..,N} (9)

ou . .
where — is the weak derivative of u
Xij
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More, generally, Let
a=(a1,02,..,0;,..,ay),q €N, i=12 . N

a multi index
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More, generally, Let

a=(a1,02,...,q;,..,ay),q; €N, =12 ..

a multi indexWe note

N
(6% QL e
Da :811 22...8 N, ’O[’ — E Oé,.
i=1
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More, generally, Let
a=(a1,02,..,0;,..,ay),q €N, i=12 . N

a multi indexWe note

N
(0% (83 QL e
D :811 22...8NN7 ’O[’ — E Oé,.
i=1

Definition
forme N

H™(Q) =: {u € D'(Q); D%u € [*(Q) |a| < m} (10)

For m = 0 we have H°(Q) = L2(Q) and for m =1, H}(Q).
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Sobolev space H™(f2)

We equiped H™(2) by the inner product:

(u,v)m = Z /QDO‘UDO‘V dx. (11)

laf<m
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Sobolev space H™(f2)

We equiped H™(2) by the inner product:

(u,v)m = Z /QDO‘UDO‘V dx. (11)

|a|<m
The associated norm is
1/2
fullma= | 3 [ 107 (12)
laj<m 9
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Sobolev space H™(f2)

We equiped H™(2) by the inner product:
(u,v)m = Z /Do‘uDo‘v dx. (11)
laj<m 9

The associated norm is

1/2

e = Z/QyD%F . (12)

ja<m

lul

Proposition
Q If m> m', H™(Q) is continuously embedded in H™ (Q).
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Sobolev space H™(f2)

We equiped H™(2) by the inner product:
(u,v)m = Z /Do‘uDo‘v dx. (11)
laj<m 9

The associated norm is

1/2

e = Z/QyD%F . (12)

ja<m

lul

Proposition

Q If m> m', H™(Q) is continuously embedded in H™ (Q).
@ H™(Q) equiped with the inner product (11) is a Hilbert spacce.
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Let © be a bounded open subset of R? with Lipschitz boundary m and k
two integer numbers satisfying k — m > 1.
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Let © be a bounded open subset of R? with Lipschitz boundary m and k
two integer numbers satisfying k — m > 1. Then there exists a positive
constant C such that for all u € H*(Q) we have:
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Let © be a bounded open subset of R? with Lipschitz boundary m and k

two integer numbers satisfying k — m > 1. Then there exists a positive
constant C such that for all u € H*(Q) we have:

1D ul| o) < Cllullka (13)

In addition there exists a function of class C™ equal to u almost every
where.
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Suppose that Q is suffiicently regular (of class C1, for example).
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Suppose that Q is suffiicently regular (of class C!, for example).Then we
define the trace g by :
Y0 : HY(Q) N C%(Q) — L2(0Q) N CO(6Q)

urr vo(u) = ujq (14)
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Suppose that Q is suffiicently regular (of class C!, for example).Then we
define the trace g by :
Y0 : HY(Q) N C%(Q) — L2(0Q) N CO(6Q)

urr vo(u) = ujq (14)

The linear map ~yo given in (14) can be extended to a linear continuous
map from H(Q) to L2(99), i.e., there exists ¢ such that:
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Suppose that Q is suffiicently regular (of class C!, for example).Then we
define the trace g by :
Y0 : HY(Q) N C%(Q) — L2(0Q) N CO(6Q)

urr vo(u) = ujq (14)

The linear map ~yo given in (14) can be extended to a linear continuous
map from H(Q) to L2(99), i.e., there exists ¢ such that:

lulli20) < ¢ llullma), Vu € HY(Q). (15)
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The space H} ()

Definition

Let D(Q2) the space of C>° with compact support included in Q.
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The space H} ()

Definition

Let D(Q2) the space of C> with compact support included in Q.We define
H}(R2) as the adherence of D() in H1(Q) , i.e.,

WH’HLQ _. H&(Q).
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The space H} ()

Definition

Let D(Q2) the space of C> with compact support included in Q.We define
H}(R2) as the adherence of D() in H1(Q) , i.e.,

WH’HLQ _. H&(Q).

The H2(R) is the kernel of 7, i.e.,

HY(®) = {u € H(Q), ujoq = 0}
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Poincaré’s inequality

Let Q a bounded set of RV. Then, there exists a positive C which
depends only on € such that:

Y e H5(Q), vl < ClIVVilize). (16)
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