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Introduction

We recall that we are interested on the following approximation problem:
For a given f € Cla, b],

{ find p, €P,, such that :

. 1)
f— = flf— o'} (
I = Pallog = inf IIf = al

such a polynomial p, is called a polynomial of best approximation of
degree n to the function f in the co-norm.
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Introduction

We recall that we are interested on the following approximation problem:
For a given f € Cla, b],

find p, €P, such that
. 1)
f— = ff— o'} (
I = Pallog = inf IIf = al

such a polynomial p, is called a polynomial of best approximation of
degree n to the function f in the oco-norm. The existence and uniqueness
of a polynomial of best approximation for a function f € CJa, b] in the
oo-norm is proved in the previous lecture. But the construction of such
polynomial is not obvious !. Our main objective in this lecture is to derive
necessary and sufficient conditions that characterize the best
approximation in the sup norm and provides a method for its construction.

Lecture 3: Characterization of the minimax approximant 3/18



A simple example

Suppose that f € C[0, 1] is strictly monotonic increasing on [0, 1].
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Suppose that f € C[0, 1] is strictly monotonic increasing on [0, 1].
We wish to find the minimax polynomial pg of degree zero for f on
[0,1].
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Suppose that f € C[0, 1] is strictly monotonic increasing on [0, 1].
We wish to find the minimax polynomial pg of degree zero for f on
[0, 1]. This polynomial will be of the form po(x) = co, and we need to
determine ¢p so that
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A simple example

Suppose that f € C[0, 1] is strictly monotonic increasing on [0, 1].
We wish to find the minimax polynomial pg of degree zero for f on

[0, 1]. This polynomial will be of the form po(x) = co, and we need to
determine ¢p so that

If —pollo = max]]f(x)—c0| is minimal.

)

Since f is monotonic, increasing f(x) — ¢p attains :

@ its minimum at x = 0 and its maximum at x = 1;
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A simple example

Suppose that f € C[0, 1] is strictly monotonic increasing on [0, 1].
We wish to find the minimax polynomial pg of degree zero for f on
[0, 1]. This polynomial will be of the form po(x) = co, and we need to
determine ¢p so that

If —pollo = max]]f(x)—c0| is minimal.
Since f is monotonic, increasing f(x) — ¢p attains :
@ its minimum at x = 0 and its maximum at x = 1;

therefore, |f(x) — cp| reaches its maximum value at one of the end-points,
ie.

E (co) = max, [f(x) — co = max{|co — (0)[,|f(1) — col}
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Clearly,
E(c) = f(1)—co if co < 3[F(0)+ F(1)]
0 co—f(0) if co > L[F(0) + F(1)]
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Clearly,
E(c) = f(1)—co if co < 3[F(0)+ F(1)]
0 co—f(0) if co > L[F(0) + F(1)]

Drawing the graph of the function ¢y — E (¢p) shows that the minimum
is attained when :

@:%mm+am.
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Clearly,

E(c) = f(1)—co if co < 3[F(0) + £(1)]
0 co—f(0) if co > L[F(0) + F(1)]

Drawing the graph of the function ¢y — E (¢p) shows that the minimum
is attained when :

@:%mm+am.

Consequently, the minimax polynomial of degree zero to the function f on
the interval [0, 1] is:

po(x) = 3[£(0) + (1]
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Clearly,
E(c) = f(1)—co if co < 3[F(0)+ F(1)]
0 co—f(0) if co > L[F(0) + F(1)]

Drawing the graph of the function ¢y — E (¢p) shows that the minimum
is attained when :

@:%mm+am.

Consequently, the minimax polynomial of degree zero to the function f on
the interval [0, 1] is:

po(x) = 3[£(0) + (1]

If — polloo < ||If — ¢lloc, Ve €R
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Clearly,
E(c) = f(1)—co if co < 3[F(0)+ F(1)]
0 co—f(0) if co > L[F(0) + F(1)]

Drawing the graph of the function ¢y — E (¢p) shows that the minimum
is attained when :

@:%mm+am.

Consequently, the minimax polynomial of degree zero to the function f on
the interval [0, 1] is:

po(x) = 3[£(0) + (1]

i.e,
If — polloo < ||If — ¢lloc, Ve €R

Furthermore, )
If = pollee = 5[F(1) = F(O)]
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Let us denotes err(x) = f(x) — po,
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Let us denotes err(x) = f(x) — po, then:
err(1) = —err(0) = ||f — pol|oo

This example shows that the minimax approximation of degree zero has
the property that it attains the maximum error at two points, with the
error being negative at one point and positive at the other.
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Let us denotes err(x) = f(x) — po, then:
err(1) = —err(0) = ||f — pol|oo

This example shows that the minimax approximation of degree zero has
the property that it attains the maximum error at two points, with the
error being negative at one point and positive at the other.

We shall prove that a property of this kind holds in general:

the precise formulation of the general result will be given later, which is,
due to the oscillating nature of the approximation error, usually referred to
as the Oscillation Theorem.
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Let us denotes err(x) = f(x) — po, then:
err(1) = —err(0) = ||f — pol|oo

This example shows that the minimax approximation of degree zero has
the property that it attains the maximum error at two points, with the
error being negative at one point and positive at the other.

We shall prove that a property of this kind holds in general:

the precise formulation of the general result will be given later, which is,
due to the oscillating nature of the approximation error, usually referred to
as the Oscillation Theorem.

This theorem gives:

@ a complete characterization of the minimax polynomial and

@ provides a method for its construction.
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Let us first begin with the following preliminary result:

o Let f € Cla,b] and r € P,,.
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Let us first begin with the following preliminary result:

o Let f € Cla,b] and r € P,,.
e Given (n+ 2) points xp < ... < Xpy1 in the interval [a, b].
@ Suppose that

sign {[f (x;) — r ()] (=1)", i=0,...,n+1} = constant (**)
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Let us first begin with the following preliminary result:

o Let f € Cla,b] and r € P,,.
e Given (n+ 2) points xp < ... < Xpy1 in the interval [a, b].
@ Suppose that

sign {[f (x;) — r ()] (=1)", i=0,...,n+1} = constant (**)

Then

o [ @lles 2 o= i ) 7o (2)

(**) means:

@ in passing from a point x; to the next point xj;1 the quantity
f(x) — r(x) changes sign (n+2) times .
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For the case p = 0 the assertion of the theorem is obvious, so let us
assume that g > 0. Suppose that (2) is not true; then, for the minimax
polynomial approximation p, € P, to the function f, we have that

I = Palloc = min [ = alloc < s
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For the case p = 0 the assertion of the theorem is obvious, so let us
assume that g > 0. Suppose that (2) is not true; then, for the minimax
polynomial approximation p, € P, to the function f, we have that

1f = pPolloe = qu!,p If = qllc < p
Now

sign [r(x) — pa(x)] = sign {[r(x) — F(x)] = [pa(x) — F(x)]}
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For the case p = 0 the assertion of the theorem is obvious, so let us
assume that g > 0. Suppose that (2) is not true; then, for the minimax
polynomial approximation p, € P, to the function f, we have that

1f = pPolloe = qu!,p If = qllc < p
Now

sign [r(x) — pa(x)] = sign {[r(x) — F(x)] = [pa(x) — F(x)]}

At the points x;, the first term exceeds in absolute value the second;
therefore

sign [r (xi) — pn (xi)] = sign [r (xi) — f (xi)].
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For the case p = 0 the assertion of the theorem is obvious, so let us
assume that g > 0. Suppose that (2) is not true; then, for the minimax
polynomial approximation p, € P, to the function f, we have that

I = Palloc = min [ = alloc < s

Now

sign [r(x) — pa(x)] = sign {[r(x) — F(x)] = [pa(x) — F(x)]}

At the points x;, the first term exceeds in absolute value the second;
therefore

sign [r (x;) — pn (x7)] = sign[r (x;) — f (x7)] -
Hence the polynomial r — p,, of degree n or less, changes sign (n+ 2)
times.
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For the case p = 0 the assertion of the theorem is obvious, so let us
assume that g > 0. Suppose that (2) is not true; then, for the minimax
polynomial approximation p, € P, to the function f, we have that

I = Palloc = min [ = alloc < s

Now

sign [r(x) — pa(x)] = sign {[r(x) — F(x)] = [pa(x) — F(x)]}

At the points x;, the first term exceeds in absolute value the second;
therefore

sign [r (x;) — pn (x7)] = sign[r (x;) — f (x7)] -
Hence the polynomial r — p,, of degree n or less, changes sign (n+ 2)
times. This is a contradiction.

Lecture 3: Characterization of the minimax approximant



The Oscillation Theorem

Suppose that f € Cl[a, b]. For r € P, to be a minimax polynomial
approximation to f over [a, b] it is necessary and sufficient that there
exists a sequence of (n + 2) points x;, where

a<xo<...<Xpy1 < b,
such that
f(xj)—r(x)==x|f —rlloo, i=0,...,n+1

The points xp, . . . , Xp41 Which satisfy the conditions of the theorem are
called critical points.
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Sufficiency. Let L denote the quantity ||f — r|s, and define
E,(f) = min ||f — .
n(f) = min £ = qlloc

Applying (2) it follows that L = u < E,(f).

Lecture 3: Characterization of the minimax approximant



Sufficiency. Let L denote the quantity ||f — r|s, and define
E,(f) = min ||f — .
n(f) = min £ = qlloc

Applying (2) it follows that L = u < E,(f).
However, by the definition of E,(f) we also have that

En(F) < [If — rlloc = L.
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Sufficiency. Let L denote the quantity ||f — r|s, and define
E,(f) = min ||f — .
n(f) = min £ = qlloc

Applying (2) it follows that L = u < E,(f).
However, by the definition of E,(f) we also have that

En(F) < [If — rlloc = L.

Hence E,(f) = L, and the given polynomial r is a minimax polynomial.
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Necessity.

Suppose that the given polynomial r is a minimax polynomial.
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Suppose that the given polynomial r is a minimax polynomial. Let us
denote by y; the lower bound of points x € [a, b] at which

[f(x) —r(x)| =1L

the existence of such a point follows from the definition of L.
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Suppose that the given polynomial r is a minimax polynomial. Let us
denote by y; the lower bound of points x € [a, b] at which

[f(x) —r(x)| =1L

the existence of such a point follows from the definition of L.
Because f — r is a continuous function on [a, b], we have

If (y1) —r(n)l = L.

We can assume, without restricting generality, that f (y1) — r (1) = L.

Lecture 3: Characterization of the minimax approximant 12 / 18



Suppose that the given polynomial r is a minimax polynomial. Let us
denote by y; the lower bound of points x € [a, b] at which

[f(x) —r(x)| =1L

the existence of such a point follows from the definition of L.
Because f — r is a continuous function on [a, b], we have

If (y1) —r(n)l = L.

We can assume, without restricting generality, that f (y1) — r (1) = L.
Let us denote by y» the lower bound of all points x € (y1, b] at which
f(x) — r(x) = —L, and denote, in succession, by yxy1 the lower bound of
points x € (yk, b] at which f(x) — r(x) = (=1)kKL, etc.
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Suppose that the given polynomial r is a minimax polynomial. Let us
denote by y; the lower bound of points x € [a, b] at which

[f(x) —r(x)| =1L

the existence of such a point follows from the definition of L.
Because f — r is a continuous function on [a, b], we have

If (y1) —r(n)l = L.

We can assume, without restricting generality, that f (y1) — r (1) = L.
Let us denote by y» the lower bound of all points x € (y1, b] at which
f(x) — r(x) = —L, and denote, in succession, by yxy1 the lower bound of
points x € (yk, b] at which f(x) — r(x) = (—1)L, etc.Due to the
continuity of the function f — r, we have, for each k, that

f (yig1) — r(ves1) = (1)KL
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Let us continue this process up to y, = b, or y,, such that

|f(x) —r(x)] <L for ym<x<bh.
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Let us continue this process up to y, = b, or y,, such that
|f(x) —r(x)] <L for ym<x<bh.

If m > n+ 2, the proof is complete.
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Let us continue this process up to y, = b, or y,, such that
|f(x) —r(x)] <L for ym<x<bh.

If m > n+ 2, the proof is complete.
Let us therefore assume that m < n+ 2 and show that this leads to
contradiction.
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Let us continue this process up to y, = b, or y,, such that
|f(x) —r(x)] <L for ym<x<bh.

If m > n+ 2, the proof is complete.

Let us therefore assume that m < n+ 2 and show that this leads to
contradiction. Since f — r is continuous, for each k,1 < k < m, there
exists a point zx_1 such that |f(x) — r(x)| < L for zx_1 < x < yx.
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Let us continue this process up to y, = b, or y,, such that
If(x)—r(x)|] <L for ym<x<h.

If m > n+ 2, the proof is complete.

Let us therefore assume that m < n+ 2 and show that this leads to
contradiction. Since f — r is continuous, for each k,1 < k < m, there
exists a point zx_1 such that |f(x) — r(x)| < L for zx_1 < x < yx.

We define zp = a and z,;, = b. According to our construction, there exist
points in the intervals [zj_1,z],i =1,..., m, at which

F(x) = r(x) = (1)L

(such are the points y;, for example), and there is no point x in [z;_1, zj]
where
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We define

m— 1

v(x) = and  r(x;€) = r(x) +ev(x),e >0

.
Il
N

Lecture 3: Characterization of the minimax approximant



We define
m— 1
v(x) = and  r(x;€) = r(x) +ev(x),e >0
=1

.

and consider the behaviour of the difference

f(x)—r(x;e) = f(x) — r(x) — ev(x)
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v(x) = and  r(x;€) = r(x) +ev(x),e >0
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.

and consider the behaviour of the difference

f(x)—r(x;e) = f(x) — r(x) — ev(x)

on the intervals [z;_1, Zj].
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and consider the behaviour of the difference

f(x)—r(x;e) = f(x) — r(x) — ev(x)

on the intervals [zj_1, zj]. Take, for example, the interval [z, z1].
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We define
m— 1
v(x) = and  r(x;€) = r(x) +ev(x),e >0
=1

.

and consider the behaviour of the difference

f(x)—r(x;e) = f(x) — r(x) — ev(x)

on the intervals [zj_1, zj]. Take, for example, the interval [z, z1].
On [zp,z1) we have v(x) > 0 and therefore

f(x)—r(x;e) <L—ev(x)<L
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We define
m— 1
v(x) = and  r(x;€) = r(x) +ev(x),e >0
:1

.

and consider the behaviour of the difference

f(x)—r(x;e) = f(x) — r(x) — ev(x)

on the intervals [zj_1, zj]. Take, for example, the interval [z, z1].
On [zp,z1) we have v(x) > 0 and therefore

f(x)—r(x;e) <L—ev(x)<L

At the same time, f(x) — r(x) > —L on [z, z1], and so for € sufficiently
small, say, for

MiNycz0,21] |f(x) — r(x) + L]

MaXxe[zy,z] | V(X) |

e<er =

we have that f(x) — r(x;e) > —L for all x in [zo, z1).



Furthermore,

If (z1) — r(z1;€)| = |f (z21) — r (z1)| < L.
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Furthermore,
|f (z1) — r(z1;€)| = |f (z1) — r (z1)] < L.
Therefore
[f(x) —r(x;e)] < L forall xe€[z,z],

for e sufficiently small.
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Furthermore,
|f (z1) — r(z1;€)| = |f (z1) — r (z1)] < L.
Therefore
[f(x) —r(x;e)] < L forall xe€[z,z],
for e sufficiently small. Arguing in the same manner on the other intervals
[zi-1,z],j =2,...,m, we can choose ¢q such that

|f(x) —r(x;e0)| <L, forxe U[zj_l,zj]:[a,b].
j=1
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Furthermore,
|f (z1) — r(z1;€)| = |f (z1) — r (z1)] < L.
Therefore
[f(x) —r(x;e)] < L forall xe€[z,z],
for e sufficiently small. Arguing in the same manner on the other intervals
[zi-1,z],j =2,...,m, we can choose ¢q such that

m
|f(x) —r(x;€e)| < L, forxe U[zj_l,zj]:[a,b].
j=1
Since, by hypothesis, m < n+ 2, it follows that m — 1 < n+ 1, and
therefore v € P,,; consequently, r (x;€g) € Ph.
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Furthermore,
|f (z1) — r(z1;€)| = |f (z1) — r (z1)] < L.
Therefore
[f(x) —r(x;e)] < L forall xe€[z,z],
for e sufficiently small. Arguing in the same manner on the other intervals
[zi-1,z],j =2,...,m, we can choose ¢q such that

m
|f(x) —r(x;€e)| < L, forxe U[zj_l,zj]:[a,b].

j=1
Since, by hypothesis, m < n+ 2, it follows that m — 1 < n+ 1, and
therefore v € P,,; consequently, r (x; €y) € P,. Thus we have constructed
a polynomial r (x; €9) € P, such that

I —r (el <L=1f = rlloo

which contradicts the assumption that r is a polynomial of best
approximation to the function f on the interval [a, b] and, simultaneously,
m< n+ 2.
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Furthermore,
|f (z1) — r(z1;€)| = |f (z1) — r (z1)] < L.
Therefore
[f(x) —r(x;e)] < L forall xe€[z,z],
for e sufficiently small. Arguing in the same manner on the other intervals
[zi-1,z],j =2,...,m, we can choose ¢q such that

m
|f(x) —r(x;€e)| < L, forxe U[zj_l,zj]:[a,b].
j=1
Since, by hypothesis, m < n+ 2, it follows that m — 1 < n+ 1, and
therefore v € P,,; consequently, r (x; €y) € P,. Thus we have constructed
a polynomial r (x; €9) € P, such that
If = r(se)llee <L=IIf = rlle
which contradicts the assumption that r is a polynomial of best
approximation to the function f on the interval [a, b] and, simultaneously,

m < n+ 2. Thus, to summarise, assuming that m < n+ 2 we arrived at a
contradiction, which implies that m > n+ 2.
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which contradicts the assumption that r is a polynomial of best
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Application

Suppose that f € C|a, b] and that f is a convex function on [a, b] such
that f/(x) exists at all x in (a, b).
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Application

Suppose that f € C|a, b] and that f is a convex function on [a, b] such
that f/(x) exists at all x in (a, b).We describe a method for constructing
the minimax polynomial approximation p; € P; of degree 1 to f on the
interval [a, b].
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Suppose that f € C|a, b] and that f is a convex function on [a, b] such
that f/(x) exists at all x in (a, b).We describe a method for constructing
the minimax polynomial approximation p; € P; of degree 1 to f on the
interval [a, b].

We seek p; in the form pi(x) = c1x + ¢p. Due to the convexity of f the
difference f(x) — (c1x + cg) can only have one interior extremum point.
Therefore the end-points of the interval, a and b, are critical points. Let
us denote by d the third critical point whose location inside (a, b) remains
to be determined. By the Oscillation Theorem, we have the equations:

f(a) —
F(d) —
f(b) —

aa+ ) = al,
cd+ Co) = —al,
c1b+ Co) =al

—_ —_

where L = max,¢[, 4] |f(x) — p1(x)|, and @ =1 or a = —1.
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Suppose that f € C|a, b] and that f is a convex function on [a, b] such
that f/(x) exists at all x in (a, b).We describe a method for constructing
the minimax polynomial approximation p; € P; of degree 1 to f on the
interval [a, b].

We seek p; in the form pi(x) = c1x + ¢p. Due to the convexity of f the
difference f(x) — (c1x + cg) can only have one interior extremum point.
Therefore the end-points of the interval, a and b, are critical points. Let
us denote by d the third critical point whose location inside (a, b) remains
to be determined. By the Oscillation Theorem, we have the equations:

f(a) — (aa+ ) = al,
f(d) — (ad + o) = —al,
f(b) — (ab+ ) =al

where L = max,¢[,4] |f(x) — p1(x)|, and @ =1 or @ = —1. We have a
total of only three equations to determine the unknowns d, c1, ¢, L and «a.
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Exercise

Construct the minimax polynomial approximation p;(x) of degree 1 for
f(x) = tan~! x on the interval [0, 1].

since d is a point of internal extremum of f(x) — (c1x + co),
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Exercise

Construct the minimax polynomial approximation p;(x) of degree 1 for
f(x) = tan~! x on the interval [0, 1].

since d is a point of internal extremum of f(x) — (c1x + cp), we also have
that
f'(d)—c =0
We solve this set of four equations for ¢y, c1,d and «L, and then take
a = sign(al).
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Exercise

Construct the minimax polynomial approximation p;(x) of degree 1 for
f(x) = tan~! x on the interval [0, 1].

since d is a point of internal extremum of f(x) — (c1x + cp), we also have
that

f'(d) —c1 =0
We solve this set of four equations for ¢y, c1,d and «L, and then take
a = sign(al).
Thus,
) = —al

== (tan_1 d — cd)
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