Lecture 4: Best approximation in the [ norm

Pr. Ismail Merabet

Univ. of K-M-Ouargla

November 9, 2024

Lecture 4: Best approximation in the L° norm



@ Introduction
© A simple example
© Orthogonal polynomials

o Examples of orthogonal polynomials

Lecture 4: Best approximation in the L° norm



Introduction

Let w be a real-valued function, defined and continuous on a closed
interval [a, b],
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Introduction

Let w be a real-valued function, defined and continuous on a closed

interval [a, b],and suppose that w is positive on (a, b); w will be referred
to as a weight function. Let,

b 1/2
L2 (a, b) := {f Ja, b[— R;  ||f]l2 = (/ w(x)|f(x)|? dx> < oo}
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Introduction

Let w be a real-valued function, defined and continuous on a closed

interval [a, b],and suppose that w is positive on (a, b); w will be referred
to as a weight function. Let,

b 1/2
L2 (a, b) := {f Ja, b[— R;  ||f]l2 = </ w(x)|f(x)|? dx> < oo}

The problem of best approximation in the L2-norm reads:
Given that f € L2 (a, b),

{ find p, € P, such that

: 1)
f—pll, = inf ||f — (
I = pollo = inf 1If ~ all2

pn is called a polynomial of best approximation of degree n to the function
f in the L2-norm. J
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The next theorem ensures the existence and uniqueness of the polynomial
of best approximation to a function f of a given degree in the 2-norm.
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The next theorem ensures the existence and uniqueness of the polynomial
of best approximation to a function f of a given degree in the 2-norm.

Given that f € L2 (a, b), there exists a unique polynomial p, € P, such
that

If = pall = inf If = qll2. (P)

Lecture 4: Best approximation in the L norm 4 /23



A simple example

Let us illustrate the general approach to the problem (P) with a simple
example.
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A simple example

Let us illustrate the general approach to the problem (P) with a simple
example. Suppose that we wish to construct the polynomial approximation
Pn € Pp to a function f on the interval [0, 1]; for simplicity, we shall
assume that the weight function w(x) = 1.
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A simple example

Let us illustrate the general approach to the problem (P) with a simple
example. Suppose that we wish to construct the polynomial approximation
Pn € Pp to a function f on the interval [0, 1]; for simplicity, we shall
assume that the weight function w(x) = 1. Writing the polynomial

pn(x) = cax" 4+ ...+ cax + co,
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A simple example

Let us illustrate the general approach to the problem (P) with a simple
example. Suppose that we wish to construct the polynomial approximation
Pn € Pp to a function f on the interval [0, 1]; for simplicity, we shall
assume that the weight function w(x) = 1. Writing the polynomial

pn(x) = cax" 4+ ...+ cax + co,

we want to choose the coefficients ¢; so as to minimise the 2-norm of the
error, e, = f — pn,

lenlla = I = pall = (/01 |£(x) = pa(x)|? dX) :

Lecture 4: Best approximation in the L° norm



Since the 2-norm is positive, this problem is equivalent to the minimization
of the square of the norm;
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Since the 2-norm is positive, this problem is equivalent to the minimization
of the square of the norm; thus we shall minimize the expression

E(co,c1y---,Cn /[f (x)]? dx
/[f(x]zdx—Zch/ fx)xfdx—l—Zchk/ Ik dx.

Jj=0 k=0
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Since the 2-norm is positive, this problem is equivalent to the minimization
of the square of the norm; thus we shall minimize the expression

E(co,c1y---,Cn /[f (x)]? dx
/[f(x]zdx—Zch/ fx)xfdx—l—Zchk/ Ik dx.

Jj=0 k=0

At the unique minimum, the partial derivatives of E with respect to the
¢i,j =0,...,n, are equal to zero.
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Since the 2-norm is positive, this problem is equivalent to the minimization
of the square of the norm; thus we shall minimize the expression

E(co,c1y---,Cn /[f (x)]? dx
/[f(x]zdx—Zch/ fx)xfdx—l—Zchk/ Ik dx.

Jj=0 k=0

At the unique minimum, the partial derivatives of E with respect to the
¢i,j =0,...,n, are equal to zero. This leads to a system of (n+ 1) linear
equations for the coefficients cp, ..., cp :

Z ljkCk = j:07"'an (2)
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Since the 2-norm is positive, this problem is equivalent to the minimization
of the square of the norm; thus we shall minimize the expression

E(co,c1y---,Cn /[f (x)]? dx
/[f(x]zdx—Zch/ fx)xfdx—l—Zchk/ Ik dx.

Jj=0 k=0

At the unique minimum, the partial derivatives of E with respect to the

¢i,j =0,...,n, are equal to zero. This leads to a system of (n+ 1) linear
equations for the coefficients cp, ..., cp :
n
ZMjka:bj, j:0,...,n (2)
k=0
where
' j+k 1 ! j
M = X dx = ————,  b; :/fxxjdx.
= | T b= [
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Equivalently, recalling that the inner product associated with the 2-norm
(in the case of w(x) = 1) is defined by

1
() = | ebnt)ax
My and b; can be written as

Mic= (x5}, b= (f.x) (3)
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Equivalently, recalling that the inner product associated with the 2-norm
(in the case of w(x) = 1) is defined by

(60 = [ s0ontoix
My and b; can be written as
Mic= (x5}, b= (f.x) (3)
By solving the system of linear equations (2), we obtain the coefficients of

the polynomial of best approximation of degree n to the function f in the
2-norm on the interval [0, 1].
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Equivalently, recalling that the inner product associated with the 2-norm
(in the case of w(x) = 1) is defined by

(60 = [ s0ontoix
My and b; can be written as
Mic= (x5}, b= (f.x) (3)
By solving the system of linear equations (2), we obtain the coefficients of
the polynomial of best approximation of degree n to the function f in the

2-norm on the interval [0, 1]. We can proceed in the same manner on any
interval [a, b] and any positive weight-function w.
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Given that f(x) = x? for x € [0, 1], find the polynomial p; of degree 1 of
best approximation to f in the 2 -norm on the interval [0, 1] assuming that
the weight function is w(x) = 1.
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Given that f(x) = x? for x € [0, 1], find the polynomial p; of degree 1 of
best approximation to f in the 2 -norm on the interval [0, 1] assuming that
the weight function is w(x) = 1.

We seek p1(x) = c1x + ¢p such that

1
E(co,c1) = / [x* — (c1x + Co)]z dx — minimum.
0
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Given that f(x) = x? for x € [0, 1], find the polynomial p; of degree 1 of
best approximation to f in the 2 -norm on the interval [0, 1] assuming that
the weight function is w(x) = 1.

We seek p1(x) = c1x + ¢p such that
1 2
E(co,c1) = / [x* — (c1x + )] dx — minimum.
0

At the minimum, we have that 6E =0 and aE =0;

Lecture 4: Best approximation in the L° norm



Given that f(x) = x? for x € [0, 1], find the polynomial p; of degree 1 of
best approximation to f in the 2 -norm on the interval [0, 1] assuming that
the weight function is w(x) = 1.

We seek p1(x) = c1x + ¢p such that
1 2
E(co,c1) = / [x* — (c1x + )] dx — minimum.
0
At the minimum, we have that aE =0 and aE = 0O;therefore,
1
/ 2(x* = (aax+ o)) - (~1)dx =0
0
1
/ 2 (x* = (cax + @) - (—x)dx = 0.
0
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Upon evaluating the integrals, we arrive at the following system of linear
equations:
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Upon evaluating the integrals, we arrive at the following system of linear
equations:

ot tep =2
0T 5" 73
1 1
—c+ - = -
20T 3T
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Upon evaluating the integrals, we arrive at the following system of linear
equations:

1 1
c + §C1 = §
1 1 1
20T397G
Solving this gives ¢y = —% and g =1
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Upon evaluating the integrals, we arrive at the following system of linear
equations:

1 1
c + §C1 = §
1 1 1
20T397G
Solving this gives ¢y = —% and ¢; = 1 and therefore,
1
pi(x) = x — 6

Is the required polynomial of best approximation.
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Returning to the general discussion concerning the solution of the linear
system (2), we see that we have to invert the matrix M = (M) with
(n+ 1) rows and columns;
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Returning to the general discussion concerning the solution of the linear
system (2), we see that we have to invert the matrix M = (M) with
(n+ 1) rows and columns; this is quite a simple task for small values of n
(such as n=1,2,3; indeed, we encountered the 2 x 2 Hilbert matrix,
corresponding to n = 1, in the previous example),
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Returning to the general discussion concerning the solution of the linear
system (2), we see that we have to invert the matrix M = (Mj,) with
(n+ 1) rows and columns; this is quite a simple task for small values of n
(such as n=1,2,3; indeed, we encountered the 2 x 2 Hilbert matrix,
corresponding to n = 1, in the previous example), but for larger n we need
a more effective approach: in the next section we shall discuss an
alternative technique, based on the use of orthogonal polynomials.

Lecture 4: Best approximation in the L norm 10 / 23



Returning to the general discussion concerning the solution of the linear
system (2), we see that we have to invert the matrix M = (Mj,) with
(n+ 1) rows and columns; this is quite a simple task for small values of n
(such as n=1,2,3; indeed, we encountered the 2 x 2 Hilbert matrix,
corresponding to n = 1, in the previous example), but for larger n we need
a more effective approach: in the next section we shall discuss an
alternative technique, based on the use of orthogonal polynomials.

The matrix M = (M) with My = 1/(j + k + 1) is called the Hilbert
matrix. It isn't easy to invert because it is close to being singular. For
example, for n = 10 when the matrix is of size 11 x 11, the smallest
eigenvalue is approximately 1.9 x 10713,
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Orthogonal polynomials

In the previous section, we described a method for constructing the
polynomial of best approximation p, € P, to a function f in the 2-norm;
it was based on seeking p, as a linear combination of the polynomials

which form a basis for the linear space Pj,.
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Orthogonal polynomials

In the previous section, we described a method for constructing the
polynomial of best approximation p, € P, to a function f in the 2-norm;
it was based on seeking p, as a linear combination of the polynomials

which form a basis for the linear space P,. The approach was not entirely
satisfactory because it gave rise to a system of linear equations with a full
matrix that was difficult to invert.
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Orthogonal polynomials

In the previous section, we described a method for constructing the
polynomial of best approximation p, € P, to a function f in the 2-norm;
it was based on seeking p, as a linear combination of the polynomials

which form a basis for the linear space P,. The approach was not entirely
satisfactory because it gave rise to a system of linear equations with a full
matrix that was difficult to invert. The central idea of the alternative
approach that will be described in this section is to expand p, in terms of
a different basis, chosen so that the resulting system of linear equations
has a diagonal matrix and solving this linear system is therefore simple.
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Orthogonal polynomials

In the previous section, we described a method for constructing the
polynomial of best approximation p, € P, to a function f in the 2-norm;
it was based on seeking p, as a linear combination of the polynomials

which form a basis for the linear space P,. The approach was not entirely
satisfactory because it gave rise to a system of linear equations with a full
matrix that was difficult to invert. The central idea of the alternative
approach that will be described in this section is to expand p, in terms of
a different basis, chosen so that the resulting system of linear equations
has a diagonal matrix and solving this linear system is therefore simple.
Of course, the non-trivial part of the problem is then to find a suitable
basis for P, that achieves this goal.
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Orthogonal polynomials

Suppose that ¢;(x),j =0,...,n, form a basis for P;
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Orthogonal polynomials

Suppose that ¢;(x),j =0,...,n, form a basis for P,; let us seek the
polynomial of best approximation as

pn(X) - 70¢0(X) +..F ’Yngbn(x)'
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Orthogonal polynomials

Suppose that ¢;(x),j =0,...,n, form a basis for P,; let us seek the
polynomial of best approximation as

pn(X) - ’VOQbO(X) +..F ’Vngbn(x)'

Repeating the same process as in the previous section, we arrive at a
system of linear equations of the form:

n
ZMjk’}/k:Bja j:07"'an
k=0

where now

Mijx = (¢x.¢;), and  Bj=(f,¢;).
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Orthogonal polynomials

Suppose that ¢;(x),j =0,...,n, form a basis for P,; let us seek the
polynomial of best approximation as

pn(X) - ’VOQbO(X) +..F ’Vngbn(x)'

Repeating the same process as in the previous section, we arrive at a
system of linear equations of the form:

n
ZMjk’}/k:Bja j:07"'an
k=0

where now
Mijx = (¢x.¢;), and  Bj=(f,¢;).

Thus, M = (Mji) will be a diagonal matrix provided the basis functions
¢j(x), j=0,...,n, for the space P, are chosen so that (¢, ¢;) = 0, for
J# ki
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Orthogonal polynomials

Suppose that ¢;(x),j =0,...,n, form a basis for P,; let us seek the
polynomial of best approximation as

pn(X) - ’VOQbO(X) +..F ’Vngbn(x)'

Repeating the same process as in the previous section, we arrive at a
system of linear equations of the form:

n
ZMjk’}/k:Bja j:07"'an
k=0

where now
Mijx = (¢x.¢;), and  Bj=(f,¢;).

Thus, M = (Mji) will be a diagonal matrix provided the basis functions
¢j(x), j=0,...,n, for the space P, are chosen so that (¢, ¢;) = 0, for
J # k; in other words, ¢ is required to be orthogonal to ¢; for j # k.
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Definition 1.
Given a weight function w, defined and continuous on the interval [a, b]
and positive on (a, b), we say that the sequence of polynomials
¢j(x),j=0,1,..., forms a system of orthogonal polynomials on the
interval (a, b) with respect to w, if each ¢;(x) is of exact degree j, and if

JEw(x)¢i(x)du(x)dx =0 for all j # k,
#0 whenj=k.
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Definition 1.

Given a weight function w, defined and continuous on the interval [a, b]
and positive on (a, b), we say that the sequence of polynomials
¢j(x),j=0,1,..., forms a system of orthogonal polynomials on the
interval (a, b) with respect to w, if each ¢;(x) is of exact degree j, and if

fab w(x)oj(x)pk(x)dx =0 forall j # k,
#0 whenj=k.

We show that a sequence of orthogonal polynomials exists on any interval
(a, b) and for any weight function w that is continuous on [a, b] and
positive on (a, b), by providing a method of construction.
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Definition 1.

Given a weight function w, defined and continuous on the interval [a, b]
and positive on (a, b), we say that the sequence of polynomials
¢j(x),j=0,1,..., forms a system of orthogonal polynomials on the
interval (a, b) with respect to w, if each ¢;(x) is of exact degree j, and if

fab w(x)oj(x)pk(x)dx =0 forall j # k,
#0 whenj=k.

We show that a sequence of orthogonal polynomials exists on any interval
(a, b) and for any weight function w that is continuous on [a, b] and
positive on (a, b), by providing a method of construction.

Let ¢o(x) = 1, and suppose that ¢;(x) has already been constructed for
j=0,...,n Then

b
/ w(x)pj(x)ok(x)dx =0, 0<j<k<n
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Now let us define the polynomial

q(X) = X"t~ aOQSO(X) e an¢n(x)

where

fb w(x)x"1¢i(x)dx

a

J2w(x) [;(x)]? dx

aj =
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Now let us define the polynomial

q(X) = X"t~ aOQZSO(X) e T an¢n(x)

where

fb w(x)x"1¢i(x)dx

a

J2w(x) [;(x)]? dx

aj =
Then it follows that

b b b
/ w(x)q(x);(x)dx = / W™ (x)dx — a / w(x) [P dx
=0 for0<j<n

Where we have used the orthogonality of the sequence for j =0,1,...,n.
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Thus, with this choice of the numbers aj, we have ensured that g(x) is
orthogonal to all the previous members of the sequence, and ¢,+1(x) can
now be defined as any non-zero constant multiple of g(x).
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Thus, with this choice of the numbers aj, we have ensured that g(x) is
orthogonal to all the previous members of the sequence, and ¢,+1(x) can
now be defined as any non-zero constant multiple of g(x). This procedure
for constructing a system of orthogonal polynomials is usually referred to
as Gram-Schmidt orthogonalistion.
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Thus, with this choice of the numbers aj, we have ensured that g(x) is
orthogonal to all the previous members of the sequence, and ¢,+1(x) can
now be defined as any non-zero constant multiple of g(x). This procedure
for constructing a system of orthogonal polynomials is usually referred to
as Gram-Schmidt orthogonalistion.

Construct a system of orthogonal polynomials {tg, 11,42} on the interval
(0,1) concerning the weight function w(x) = 1.
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Thus, with this choice of the numbers aj, we have ensured that g(x) is
orthogonal to all the previous members of the sequence, and ¢,+1(x) can
now be defined as any non-zero constant multiple of g(x). This procedure
for constructing a system of orthogonal polynomials is usually referred to
as Gram-Schmidt orthogonalistion.

Construct a system of orthogonal polynomials {tg, 11,42} on the interval
(0,1) concerning the weight function w(x) = 1.

Given that w(x) = 1, the inner product of L2,(0, 1) is defined by

1
(u,v) :/0 u(x)v(x)dx
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We put ¢p(x) = 1, and we seek 1)1 in the form
Y1(x) = x — coto(x)
such that (¢1,10) = 0; namely,

(x,%0) — co (0,%0) =0
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We put ¢p(x) = 1, and we seek 1)1 in the form
Y1(x) = x — coto(x)
such that (¢1,10) = 0; namely,

(x,%0) — co (0,%0) =0

Hence,

_ (ode) 12 1

(Yo,%0) 1 2

and therefore,

P1(x) =x — %wo(x) =X — %
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We put ¢p(x) = 1, and we seek 1)1 in the form
Y1(x) = x — coto(x)
such that (¢1,10) = 0; namely,

(x,%0) — co (0,%0) =0

Hence,
 (ato) 121
(Yo, to) 1 2
and therefore, ) .
Y1(x) = x — 51/’0( x) = )

By construction, (1,%0) = (to,1%1) = 0.
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Now we seek % in the form
Wa(x) = x* = (dyr(x) + doro(x))
such that (¢2,1) = 0 and (12, 10) = 0.
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Now we seek % in the form
a(x) = x> — (ditp1(x) + dotbo(x))
such that (¢2,11) = 0 and (¢2,10) = 0.Thus,

(x2,41) — d1 (1, 91) — do (1o, 91) = 0,
(x,40) — ch (1, %0) — do (Y0, %0) = 0.
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Now we seek % in the form

a(x) = x* = (diihr(x) + doto(x))
such that (¢2,11) = 0 and (¢2,10) = 0.Thus,
(x2,41) — d1 (1, 91) — do (1o, 91) = 0,
(x2,100) — d1 (¢1,%0) — do (1o, ¥0) = 0.
As (¢o,11) = 0 and (¢¥1,%0) = 0, we have that

()
Sl T
g (x2,1/10) _ 1
°" (o,v0) 3




Now we seek % in the form

P(x) = x* = (dirp1(x) + dotbo(x))
such that (¢2,11) = 0 and (¢2,10) = 0.Thus,
(x2,41) — d1 (1, 91) — do (1o, 91) = 0,

(x,40) — ch (1, %0) — do (Y0, %0) = 0.
As (v0,%1) = 0 and (1)1,%0) = 0, we have that

()
Sl T
d — (X2’1/}0) :1
°" (o,v0) 3

and therefore




Now we seek % in the form

a(x) = x* = (diihr(x) + doto(x))
such that (¢2,11) = 0 and (¢2,10) = 0.Thus,
(X2>¢1) —d (wlawl) - dO (¢07¢1) = 07
(x2,100) — d1 (¢1,%0) — do (1o, ¥0) = 0.
As (¢o,11) = 0 and (¢¥1,%0) = 0, we have that

()
Sl T
d — (X2’1/}0) :1
°" (o,v0) 3

and therefore )

Po(x) = x? — x + 5
Clearly, (¢j,%x) =0 for j # k, j, k € {0,1,2}, and 9 is of exact degree
k,k =0,1,2, so we have found the required system of orthogonal
polynomials on the interval (0,1). ¢
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Legendre polynomials

The polynomials

Po(x) =1,
d)l(x) =X,
P2(x) = x* — %
p3(x) = X3 — gx

Are the first four elements of an orthogonal system on the interval (—1,1)
concerning the weight function w(x) = 1.
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Chebyshev polynomials

The polynomials

To(x)=1

Ti(x) = x

To(x) =2x> — 1,

T3(x) = 4x3 — 3x,

Ta(x) =8x* —8x2 +1,

Ts(x) = 16x° — 20x> + 5x,
To(x) = 32x° — 48x* +18x* — 1

are the first seven elements of an orthogonal system on the interval
(—1,1) with respect to the positive weight function

w(x) = (1- xz)_1/2 ,x € (=1,1). (This weight function is continuous on
(—1,1), but not on [—1,1]).
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The next theorem, in conjunction with the use of orthogonal polynomials,
is the key tool for constructing the polynomial of best approximation in
the 2-norm.

The polynomial p, € P, is the polynomial of best approximation of degree
n to a function f € L2 (a, b) in the 2-norm if and only if the difference
f — pn is orthogonal to every element of P, i.e.

b
/ w(x) (f(x) — pn(x)) g(x)dx =0 for all g € P,

Theorem 2 provides a simple method of determining the polynomial of
best approximation p, to a function f € L2 (a, b) in the 2-norm.
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@ First, we construct the system of orthogonal polynomials
¢j(x),j =0,...,n, on the interval (a, b) with respect to the weight
function w, if this system is not already known.
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@ First, we construct the system of orthogonal polynomials
¢j(x),j =0,...,n, on the interval (a, b) with respect to the weight
function w, if this system is not already known.

@ Then we seek p, as the linear combination

pn(X) = 70¢0(X) +.o.t ’7n¢n(x)'
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@ First, we construct the system of orthogonal polynomials
¢j(x),j =0,...,n, on the interval (a, b) with respect to the weight
function w, if this system is not already known.

@ Then we seek p, as the linear combination

pn(X) = 70¢0(X) +.o.t ’7n¢n(X)'

@ The difference f — p, must be orthogonal to every polynomial of
degree n or less, and in particular to each polynomial ¢;,j =0,...,n.
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@ First, we construct the system of orthogonal polynomials
¢j(x),j =0,...,n, on the interval (a, b) with respect to the weight
function w, if this system is not already known.

@ Then we seek p, as the linear combination

pn(X) = 70¢0(X) +.o.t ’7n¢n(X)'

@ The difference f — p, must be orthogonal to every polynomial of
degree n or less, and in particular to each polynomial ¢;,j =0,...,n.
Thus

b n
/ w(x) [f(x) — Z’y;(gzﬁk(x)] ¢j(x)dx =0, j=0,1,...,n
a k=0
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@ First, we construct the system of orthogonal polynomials
¢j(x),j =0,...,n, on the interval (a, b) with respect to the weight
function w, if this system is not already known.

@ Then we seek p, as the linear combination

pn(X) = 70¢0(X) +.o.t ’7n¢n(X)'

@ The difference f — p, must be orthogonal to every polynomial of
degree n or less, and in particular to each polynomial ¢;,j =0,...,n.
Thus

b n
/ w(x) [f(x) — Z’y;(gzﬁk(x)] ¢j(x)dx =0, j=0,1,...,n
a k=0

Exploiting the orthogonality of the polynomials ¢;, this gives

Wl (x)es(x)dx (: (f, @))
JPw) g0 dx \ gl
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Construct the polynomial of best approximation of degree 2 in the L2-norm
to the function f : x — e* over [—1, 1] with weight function w(x) = 1.
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Construct the polynomial of best approximation of degree 2 in the L2-norm
to the function f : x — e* over [—1, 1] with weight function w(x) = 1.

We already know a set of orthogonal polynomials ¢g, ¢1, ¢2 on this
interval; thus we seek p» € P> in the form

p2(x) = y000(x) + Y1¢1(x) + y262(x) (4)
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Construct the polynomial of best approximation of degree 2 in the L2-norm
to the function f : x — e* over [—1, 1] with weight function w(x) = 1.

We already know a set of orthogonal polynomials ¢g, ¢1, ¢2 on this
interval; thus we seek p» € P> in the form

p2(x) = yo¢o(x) + 1101(x) + 12¢2(x) (4)
Requiring that

f(x) = p2(x) = € — (voPo(x) + 1101(x) + 12¢2(x))

be orthogonal to ¢g, ¢1 and ¢»,
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Construct the polynomial of best approximation of degree 2 in the L2-norm
to the function f : x — e* over [—1, 1] with weight function w(x) = 1.

We already know a set of orthogonal polynomials ¢g, ¢1, ¢2 on this
interval; thus we seek p» € P> in the form

p2(x) = y000(x) + Y1¢1(x) + y262(x) (4)

Requiring that

f(x) = p2(x) = € — (voPo(x) + 1101(x) + 12¢2(x))

be orthogonal to ¢g, ¢1 and ¢», i.e. that

/_1 [e* — (Yogo(x) + Md1(x) + 1282(x))] ¢j(x)dx =0, j=0,1,2
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we obtain the coefficients ~;,j = 0,1,2 :

7f_11€X dx e—1/e

70 5 5
[ e¥xdx 3
M=o T e
2

L (x—1)" dx 45 <2e
V2 = = 3
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we obtain the coefficients ~;,j =0,1,2:

7f_11€X dx e—1/e

70 5 5
[ e¥xdx 3
M=o T e
2

3 3e

Substituting the values of 7p,y1 and 7, into (4) and recalling the

expressions for ¢o(x), ¢1(x) and ¢2(x), we obtain the polynomial of best
approximation of degree 2 for the function f. ¢

8/45 )

., Jhe(x— 1) dx 45<2e 14)
L= _
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