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Given a linear variational problem

find u € V such that a(u,v) = F(v) for all v € V,
we form its Galerkin approximation over a closed subspace V;, C V

find up € Vj, such that a(up,vp,) = F(vp,) for all vy, € Vj,.
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Given a linear variational problem

find u € V such that a(u,v) = F(v) for all v € V,
we form its Galerkin approximation over a closed subspace V;, C V

find up € Vj, such that a(up,vp,) = F(vp,) for all vy, € Vj,.

We first consider its approximation properties over arbitrary subspaces V4,
then in subsequent lectures consider V}, constructed via finite elements.

Finite Element Methods 2/10



Elementary properties

Corollary

Let a and F satisfy the hypothesis of the Lax—Milgram Theorem. Then
the Galerkin approximation is well-posed for any closed subspace Vj, C V.
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Let a and F satisfy the hypothesis of the Lax—Milgram Theorem. Then
the Galerkin approximation is well-posed for any closed subspace Vj, C V.

Proof.
As Vi, CV,a:Vy xVy — Ris bounded and coercive on V}, with the
same continuity and coercivity constants.
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Galerkin approximation is well-posed. [
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Elementary properties

Corollary

Let a and F satisfy the hypothesis of the Lax—Milgram Theorem. Then
the Galerkin approximation is well-posed for any closed subspace Vj, C V.

Proof.

As Vi, CV,a:Vy xVy — Ris bounded and coercive on V}, with the
same continuity and coercivity constants. F': V;, — R is linear and
bounded. Thus, by Lax—Milgram, the variational problem defining the
Galerkin approximation is well-posed. [

For coercive problems, well-posedness is inherited. This is not true for
noncoercive problems. This makes discretising noncoercive problems much
harder.
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Elementary properties

Once we choose a basis {¢;} of V}, the linear system is

where

up, = Zfﬁi@, by = F(¢i), Aji=aldi, d5).

Finite Element Methods 4/10



Elementary properties

Once we choose a basis {¢;} of V}, the linear system is

where

up, = Zfﬁi@, by = F(¢i), Aji=aldi, d5).

The linear system we must solve for our Galerkin approximation inherits
useful properties of the underlying problem.
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Elementary properties

Once we choose a basis {¢;} of V}, the linear system is
Ax = b,

where

up, = Zfﬁzﬂ% by = F(¢i), Aji=aldi, d5).

The linear system we must solve for our Galerkin approximation inherits
useful properties of the underlying problem.

If a is symmetric, so is A:

Aji = a(qbi, ¢]) = a(d)ja ¢l) = AU
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Elementary properties

Once we choose a basis {¢;} of V}, the linear system is
Ax = b,

where

up, = Zfﬁzﬂ% by = F(¢i), Aji=aldi, d5).

The linear system we must solve for our Galerkin approximation inherits
useful properties of the underlying problem.
If a is symmetric, so is A:

Aji = a(¢i, ¢5) = a(9j, ¢i) = Aij.

If a is coercive (hence positive-definite), so is A:

c'Ac=a (Z Ci Qi Zcz@) > 0.
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Galerkin orthogonality

We know that the solution u satisfies
a(u,v) = F(v) forallveV,
and thus in particular

a(u,vp) = F(vy) forallv, €V} C V.
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We know that the solution wu satisfies
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We know that the solution wu satisfies
a(u,v) = F(v) forallveV,
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a(u,vp) = F(vp) forall v, € Vj, C V.

The Galerkin approximation uy, € V}, satisfies
a(up,vp) = F(vy) forallv, €V, C V.
Subtracting, we find

a(u —up,vp) =0  for all v, € V.
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Galerkin orthogonality

We know that the solution wu satisfies
a(u,v) = F(v) forallveV,
and thus in particular

a(u,vp) = F(vy) forallv, eV}, C V.

The Galerkin approximation uy, € V}, satisfies
a(up,vp) = F(vy) forallv, €V, C V.
Subtracting, we find

a(u —up,vp) =0  for all v, € V.

This is called Galerkin orthogonality.
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Quasi-optimality

Let's assume that a is coercive and bounded, but not symmetric.

Lemma (Céa’s Lemma)

The Galerkin approximation uy, € Vi, to w € V is quasi-optimal, in that it
satisfies
c .
lu—uplly < — min |lu—vpv.
o v eV
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Let's assume that a is coercive and bounded, but not symmetric.

Lemma (Céa’s Lemma)

The Galerkin approximation uy, € Vi, to w € V is quasi-optimal, in that it
satisfies

@
— < = 1mi — .
lu—upllv < . lu — vnllv

Proof.
For any v, € V4,

al|lu — uh||%/ < a(u — up,u — up)
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Quasi-optimality

Let's assume that a is coercive and bounded, but not symmetric.

Lemma (Céa’s Lemma)

The Galerkin approximation uy, € Vi, to w € V is quasi-optimal, in that it
satisfies

@
— < = 1mi — .
lu—upllv < . lu — vnllv

Proof.
For any v, € V4,

al|lu — uh||%/ < a(u — up,u — up)
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Quasi-optimality

Let's assume that a is coercive and bounded, but not symmetric.

Lemma (Céa’s Lemma)

The Galerkin approximation uy, € Vi, to w € V is quasi-optimal, in that it
satisfies

@
— < = 1mi — .
lu—upllv < . lu — vnllv

Proof.
For any v, € V4,

al|lu — uh||%/ < a(u — up,u — up)
= a(u — up,u — vg) + a(u — up, v — up)

= a(u — up, u — vp)
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Quasi-optimality

Let's assume that a is coercive and bounded, but not symmetric.

Lemma (Céa’s Lemma)

The Galerkin approximation uy, € Vi, to w € V is quasi-optimal, in that it
satisfies

@
— < = 1mi — .
lu—upllv < . lu — vnllv

Proof.
For any v, € V4,

al|lu — uh||%/ < a(u — up,u — up)

a(
= a(u — up,u — vg) + a(u — up, v — up)
a(u — up, u — vp)

< Cllu = upllv|lu — vp|lv.
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Quasi-optimality

Let's assume that a is coercive and bounded, but not symmetric.

Lemma (Céa’s Lemma)

The Galerkin approximation uy, € Vi, to w € V is quasi-optimal, in that it
satisfies

@
— < = 1mi — .
lu—upllv < . lu — vnllv

Proof.
For any v, € V4,

al|lu — uh||%/ < a(u — up,u — up)
= a(u — up,u — vg) + a(u — up, v — up)
= a(u — up, u — vp)

< Cllu = upllv|lu — vp|lv.

Dividing by v and minimising over v, € V, we obtain the result. O
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Quasi-optimality

RENEILS

This quasi-optimality result relates (the error in the PDE approximation)
with (the approximating power of the space V},). This decouples the error
analysis from the specific PDE and turns the focus to constructing V}, with
good approximation properties.

Finite Element Methods 7/10



Quasi-optimality

RENEILS

This quasi-optimality result relates (the error in the PDE approximation)
with (the approximating power of the space V},). This decouples the error
analysis from the specific PDE and turns the focus to constructing V}, with
good approximation properties.

This leads to the question: given u € V, what is

i _ ?
min lu— vp v

In the finite element context, the answer will depend on the smoothness of
u, the mesh size h, and the polynomial degree p.
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RENEILS

This quasi-optimality result relates (the error in the PDE approximation)
with (the approximating power of the space V},). This decouples the error
analysis from the specific PDE and turns the focus to constructing V}, with
good approximation properties.

This leads to the question: given v € V, what is

min ||u —v ?
min | rllv

In the finite element context, the answer will depend on the smoothness of
u, the mesh size h, and the polynomial degree p.

RENEILS

The ratio C/« is crucial. If C/a =5, things are fine. But if C'/a = 1000,
our discretisation won't be very useful.
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ptimality in energy norm

Now let's also assume that a is symmetric.
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Optimality in energy norm

Now let's also assume that a is symmetric.
Recall that a defines a norm ||v||, := y/a(v,v) on V, with
allvlf < Jlollz < Cllollf,

where the continuity and coercivity constants are measured in the V' norm.
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Optimality in energy norm

Now let's also assume that a is symmetric.
Recall that a defines a norm ||v||, := y/a(v,v) on V, with
allvlf < Jlollz < Cllollf,
where the continuity and coercivity constants are measured in the V' norm.

When we measure the continuity and coercivity constants in the energy
norm, we get that C' =1 (by Cauchy-Schwarz) and oo = 1 (by definition).
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Optimality in energy norm

Apply Céa’s Lemma in the energy norm

_ <~ mi _
Ju = unlla < = min u=enll

mm lu — vpla-
v EV)
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Optimality in energy norm

Apply Céa's Lemma in the energy norm:

C
v —uplle < — min [Ju—valla
o vpeVy

= mm lu — vpla-
v EV)

Since up € Vp, we must have equality, and thus the error is optimal in the
norm induced by the problem:

=l = min = v o
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Optimality in energy norm

Apply Céa’'s Lemma in the energy norm

[ = unlla

IN

o o, = onlle

IIllIl lu — vpla-
v EV)

Since up € Vp, we must have equality, and thus the error is optimal in the
norm induced by the problem:

= ualla = min = vl

The Galerkin approximation uy, is the projection of w onto V}, in the
a-inner product!
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Optimality in energy norm

What if we want to measure our error for a symmetric problem in the
V-norm?
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Optimality in energy norm

What if we want to measure our error for a symmetric problem in the
V-norm?

Using the equivalences

allvl[{ < llollz < Cllvll,

we have

1
|u —upllv < ﬁ”u — upllq
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Optimality in energy norm

What if we want to measure our error for a symmetric problem in the
V-norm?

Using the equivalences
alollf < llollz < Cllvllf,
we have
1
lu—upllv < THU — unlla

— min ||u—vplq
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Optimality in energy norm

What if we want to measure our error for a symmetric problem in the
V-norm?

Using the equivalences
alollf < llollz < Cllvllf,
we have
1
lu—upllv < THU — uplla

— min ||u—vplq

f o v EVY

< ¢ min |lu — vp|
Sy g S hilv

so we improve the constant of quasi-optimality by a square root!

Finite Element Methods 10/10



	Introduction
	Basic steps of the finite element method
	Variational formulation
	Discretisation
	Constructing a finite element space
	Assembling and solving
	Implementation

	Outlook
	Remarks
	Open questions

	Lebesgue spaces
	Banach spaces
	Hilbert spaces

	Dual of a Hilbert space
	Riesz Representation Theorem

	Lebesgue spaces
	Weak derivatives
	Motivation
	Definition
	Higher derivatives

	Sobolev spaces
	Sobolev embeddings

	Reviewing the variational formulation of the Poisson equation
	Definitions
	The symmetric case
	The nonsymmetric case
	One-dimension problems
	Dirichlet-Neumann Laplacian
	Advection-diffusion-reaction

	Higher dimensions
	Dirichlet-Neumann Laplacian
	Pure Neumann problem
	Other boundary conditions
	Mixed Poisson

	Differentiation between Banach spaces
	Symmetric coercive problems and energy
	Galerkin approximation
	Examples
	Helmholtz
	Linear elasticity

	Elementary properties
	Galerkin orthogonality
	Quasi-optimality
	Optimality in energy norm
	Linear elasticity: the nearly incompressible case
	Finite elements
	Meshes and the local-to-global mapping
	Assembly
	Assembling the local tensor
	Representing the element map
	Barycentric coordinates
	Factorisation lemma
	The biharmonic problem
	The Hermite element
	The Argyris element
	Nonconforming methods
	Elements for H(div) and H(curl)
	Prelude: Sobolev seminorms
	Prelude: measuring the mesh size
	Interpolation error for Lagrange elements
	Changing norms: Aubin–Nitsche duality
	Interpolation error estimates for other elements
	Bratu–Gelfand equation
	Variational formulation of nonlinear problems
	Discretise, then solve
	Solve, then discretise
	Newton's method in RN
	Newton's method in Banach spaces
	The Bratu–Gelfand equation again
	Conclusions
	Examples
	Babuška's theorem
	Understanding the inf-sup conditions
	The forward operator norm
	The inverse operator norm

	The inf-sup condition and the kernel
	Necessity of the inf-sup condition
	The transpose condition
	Review
	Discretisation and quasioptimality
	Examples
	Energy minimisation
	Prelude: Orthogonal decompositions in Hilbert spaces
	Saddle point systems in finite dimensions: homogeneous case
	Saddle point systems in finite dimensions: the inhomogeneous case
	Brezzi's theorem
	Finite element discretisations of mixed problems
	Quasi-optimality
	Review
	Mixed Poisson in 1D
	Discretising the mixed Poisson equation in 1D
	Discretisation (A): CG1 CG1
	Discretisation (B): CG1 DG0
	Discretisation (C): CG2 DG0

	Higher dimensions
	Well-posedness of BDM1 DG0


