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Introduction

In the previous semester, we have studied variational problems of the form:{
Find u ∈ V such that

a(u, v) = F (v),∀v ∈ V
(1)

where:

V is an infinit dimonsional Hilbert space,

a(·, ·) is a bilinear form and

F (·) is a linear form.

We have also seen that the Galerkin method replaces the space V by a
finite dimensional space Vh.
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We saw Céa’s Lemma: for a coercive bounded bilinear form a, the error in
Galerkin approximation is bounded by

∥u − uh∥V ≤ C

α
min
vh∈Vh

∥u − vh∥V .

How do we construct discrete spaces Vh ⊂ V with good approximating
properties on general domains?

The finite element method!
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Definition 1.1

Finite element methods are Ritz-Galerkin methods where the
finite-dimensional trial/test function spaces are constructed by piecing
together polynomial functions defined on (small) parts of the domain Ω.

This lecture describes the construction and properties of finite element
spaces. We will give examples of:

conforming finite elements and

nonconforming finite elements.
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Key idea: use piecewise polynomials on a mesh of Ω.

A mesh or triangulation of Ω for piecewise linear function
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Key idea: use piecewise polynomials on a mesh of Ω.

Data stored to represent a piecewise quadratic function
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The Construction of a Finite Element Space

Definition 1.2 (Ciarlet 1978)

A finite element is a triple ( K ,P,N ),

where:

i K be a closed bounded subset of Rd with a nonempty interior and a
piecewise smooth boundary.

ii P is a finite-dimensional vector space of functions defined on K .

iii N is a basis of the dual space P ′.

Usually, condition (iii) of Definition 1.2 is the only one that requires much
work.
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The following lemma simplifies its verification.

Lemma 1.3

Let P be a d-dimensional vector space and let {N1,N2, . . . , Nd} be a
subset of the dual space P ′. Then the following two statements are
equivalent.

a {N1,N2, . . . ,Nd} is a basis for P ′.

b Given v ∈ P with Niv = 0 for i = 1, 2, . . . , d , then v ≡ 0.

Definition 1.3

The function space P is the space of the shape functions.

The elements of N are the nodal variables (degrees of freedom).

Definition 1.4

Let (K ,P,N ) be a finite element. The basis {ϕ1, ϕ2, . . . , ϕk} of P dual
to N , i.e

Ni (ϕj) = δij

is called the nodal basis of P.
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1d-Examples

Example (P1 Lagrange element).

Let K = [0, 1],P = the set of linear polynomials and N = {N1,N2}, where

N1(v) = v(0) and N2(v) = v(1), ∀v ∈ P.

Then (K ,P,N ) is a finite element and the nodal basis consists of

ϕ1(x) = 1− x and ϕ2(x) = x .

Proof.

Let v ∈ P1, means, v = a+ bx . Then N1(v) = N2(v) = 0 means

a = 0

a+ b = 0.

Hence, a = b = 0, i.e., v ≡ 0.
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Pk Lagrange element.

Example (Pk Lagrange element)

In general, we can let K = [a, b] and P = Pk([a, b]) the set of all
polynomials of degree less than or equal to k . Let
N = {N0,N1,N2, . . . ,Nk}, where

Ni (v) = v(a+ (b−a)
k i), ∀v ∈ P and i = 0, 1, . . . , k.

Then (K ,P,N ) is a finite element.

Proof.
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Example (Hermite finite element).

K = [0, 1],P = P3(K ), and N = {N1,N2,N3,N4}

N1 : v 7→ v(0),

N2 : v 7→ v ′(0),

N3 : v 7→ v(1),

N4 : v 7→ v ′(1).

Proof.
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The P1-Lagrange finite element in two dimensions

The following are examples of two-dimensional finite elements.

Example (Triangular Lagrange Elements)

Let K be a triangle, P be the space Pk of polynomials in two variables of
degree ≤ k , and let the set N consist of evaluations of shape functions at
the nodes with barycentric coordinates:

z1 = i/k , z2 = j/k and z3 = ℓ/k,

where i , j , ℓ are nonnegative integers and i + j + ℓ = k .
Then (K ,P,N ) is the two-dimensional Pk Lagrange finite element.

The nodal variables for the N1,N2, and N3 Lagrange elements are depicted
in Figure 1.
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z1 z2

z3

z1 z2

z3

z1 z2

z3

Figure: P1-Lagrange

Here and in the following examples, the symbol • represents pointwise
evaluation of shape functions.

Ni (v) = v(zi )
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Lemma (First factorisation lemma)

Let P be a polynomial of degree d ≥ 1 that vanishes on a hyperplane

{x : L(x) = 0},

where L(x) is a non-degenerate linear function.
Then we can write P = LQ, where Q is a polynomial of degree d − 1.

Example

Suppose P vanishes on each edge of a triangle. Then P = L1L2L3Q for
some Q. Here, L1, L2 and L3 are non-trivial linear functions that define the
lines on which lie the edges of the triangle.

z1 z2

z3

L3

L1L2

MEF II: Lecture 1. Construction of finite element spaces 15 / 37



The P2-Lagrange finite element in two dimensions

Unisolvence of P2

Suppose v ∈ P2(T ) with all degrees of freedom zero. Restricted to an
edge, v is a quadratic polynomial with three roots, hence v = 0 on each
edge. By the factorization lemma, v = L1L2c for a constant c ∈ R.
Evaluating both sides on the edge L3 = 0 shows that c = 0.

Figure: P2-Lagrange
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Lemma (Second factorisation lemma)

Let P be a polynomial of degree d ≥ 2 such that P and ∇P · n vanish on
a hyperplane {x : L(x) = 0}, where n is the normal to L. Then we can
write P = L2Q, where Q is a polynomial of degree d − 2.

Remark

If P vanishes on {x : L(x) = 0}, so does ∇P · t for a tangent vector t.

Proof.

Since P vanishes on {x : L(x) = 0}, we have P = LQ̃. Calculating,

∇P · n = Q̃∇L · n + L∇Q̃ · n

Since L vanishes on the plane, and ∇L is normal to the plane (hence
colinear with n ), this forces Q̃ = 0 on {x : L(x) = 0}.
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Figure: P3-Lagrange
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Let T be a triangle.

Example (Triangular Hermite Elements)

The cubic Hermite element is the triple (T ,P3,N ) where N consists of
evaluations of shape functions and their gradients at the vertices and
evaluation of shape functions at the center of T . i.e
N = {N1,N2, . . . ,N10},

Here and in the following examples ⊙ represents pointwise evaluation of
gradients of shape functions.

z4

z1 z2

z3

Figure: Cubic Hermite
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The triangular Hermite element

Lemma (Unisolvence of the triangular Hermite element).

The Hermite element in two dimensions is unisolvent. i.e N determine P3.

Proof.

Let L1, L2 and L3 again be non-trivial linear functions that define the edges
of the triangle. Suppose that for a polynomial P ∈ P3,Ni (P) = 0 for
i = 1, 2, . . . , 10. Restricting P to L1, we see that z2 and z3 are double
roots of P since P (z2) = 0,P ′ (z2) = 0 and P (z3) = 0,P ′ (z3) = 0, where
′ denotes differentiation along the straight line L1. But the only third order
polynomial in one variable with four roots is the zero polynomial, hence
P ≡ 0 along L1. Similarly, P ≡ 0 along L2 and L3. We can, therefore,
write P = cL1L2L3. But

0 = P (z4) = cL1 (z4) L2 (z4) L3 (z4) =⇒ c = 0

because Li (z4) ̸= 0 for i = 1, 2, 3.
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Argyris element

The fifth degree Argyris element is the triple (K ,P5,NK ) where NK

consists of evaluations of the shape functions and their derivatives up to
order two at the vertices and evaluations of the normal derivatives at the
midpoints of the edges. The nodal variables for the Argyris element are
depicted in the third figure in Figure 3, where ⃝ and ↑ (here and in the
following examples) represent pointwise evaluation of second order
derivatives and the normal derivative of the shape functions, respectively.

Figure: Quintic Argyris
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Proof.

Suppose u ∈ P5(T ) with all dofs zero. Along an edge, u is a quintic
polynomial with 2 treble roots, so u = 0 along each edge. Moreover,
∇u · n is a quartic polynomial with 2 double roots and a single root, hence
zero. Thus, u is divisible by L21L

2
2L

2
3, which is of degree 6 . Thus u = 0.

Remark

The Argyris element with polynomials of degree five and 21 degrees of
freedom within a single triangle, is the lowest order C 1 element.
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Bell element.

By removing the nodal variables at the midpoints of the edges in the
Argyris element and reducing the space of shape functions to

{v ∈ P5(T ) : (∂v/∂n)|e ∈ P3(e) for each edge e},

we obtain the Bell element.

Figure: Bell

the Bell element represents a C 1 element, it has fewer degrees of freedom
than the Argyris element.
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Creuzeix-Raviart element

Let K be a triangle in R2 with vertices {z i}i∈{1,2,3}. Let Ei be the face of
T opposite to z i .

The Crouzeix-Raviart finite element is defined by setting:

The shape functions: P := P1

The degrees of freedom Ni

Ni (p) :=
1

|Ei |

∫
Ei

p ds, ∀i ∈ {1, 2, 3}

Figure: CR-element
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The local interpolation operator :

ICR
K : V (K ) := W 1,1(K ) → P1(K )

is such that

ICR
K (v) :=

∑
i∈{1,2,3}

Ni (v)ϕK ,i for all v ∈ V (K ),

where {ϕK ,i}i∈{1,2,3} are the local shape functions in K s.t. Ni (ϕK ,j) = δij
for all i , j ∈ {1, 2, 3}. Recall that:

ϕK ,i := 1− 2λi ,

where {λi}i∈{1,2,3} are the barycentric coordinates in K .

Lemma (Local interpolation)

There is c s.t. for all r ∈ [0, 1], all p ∈ [1,∞], all v ∈ W 1+r ,p(K ), all
K ∈ Th, and all h ∈ H,∥∥v − ICR

K (v)
∥∥
Lp(K)

+ hK
∣∣v − ICR

K (v)
∣∣
W 1,p(K)

≤ ch1+r
K |v |W 1+r,p(K) (2)
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Morley element

Morley element is (T ,P2,N ), where the set N consists of evaluations of
the shape functions at the vertices of T and the evaluations of the normal
derivatives of the shape functions at the midpoints of the edges of T

Figure: Morley

The continuity of the Morley element is very weak (non-C 0 continuity
element). Morley element is the simplest nonconforming element for
fourth order problems. It only consists of piecewise quadratic functions on
every triangle
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Morley interpolant

Let Th be a regular triangulation of Ω with mesh size h. The Morley finite
element space associated with Th (cf. [20]) is defined by

Vh = {v ∈ L2(Ω) : v |T ∈ P2(T ), v is continuous at the vertices and the normal derivative

of v is continuous at the midpoints of the edges },
Let Πh : H2(Ω) −→ Vh be the interpolation operator defined by the
following conditions:

(Πhζ) (p) = ζ(p) ∀p ∈ Vh∫
e

∂ (Πhζ)

∂n
ds =

∫
e

∂ζ

∂n
ds ∀e ∈ Eh

where εh is the set of all the edges of Th. Then we have:

∥ζ − Πhζ∥h ≤ Chα|ζ|H2+α(Ω) ∀ζ ∈ H2+α(Ω)

where ∥ · ∥h =
√
ah(·, ·) is the energy norm.
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The Zienkiewicz element.

By removing the nodal variable at the center in the cubic Hermite element
and reducing the space of shape functions to

P3,red(T ) =:

{
v ∈ P3(T ) : 6v(c)−

3∑
i=1

[2v (pi ) + (∇v) (pi ) · (pi − c)] = 0

}
where pi (i = 1, 2, 3) and c are the vertices and center of T respectively,
we obtain the Zienkiewicz element.

Figure: Zienckiez element
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Raviart-Thomas element

In the finite element community, the symbol ♢ means the integral of the
normal component, i.e.,

Ni (v) =

∫
ei

v · nei ds, i = 1, 2, 3

♢

♢

♢

e3

e1

e2

Figure: RT0
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The local space is RTk(T ) = [Pk(T )]2 ⊕ xPk(T ), and its dimension is
dimRTk = (k + 1)(k + 3). The degrees of freedom (DOFs) are:

Edge DOFs (normal moments). On each edge e∫
e
(v · n) q ds ∀q ∈ Pk(e)

Since dimPk(e) = k + 1 =⇒ edge DOFs = 3(k + 1).

Inside the element,∫
T
v · q dx ∀q ∈ [Pk−1(T )]2

Since

dimPk−1(T ) =
k(k + 1)

2
=⇒ interior DOFs = 2·k(k + 1)

2
= k(k+1).
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Arnold-Winther element

Figure: Element diagrams for the lowest order stress and displacement elements.
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Arnold-Winther element

First we describe the finite elements on a single triangle T ⊂ Ω. Define

ΣT = P2(T , S) + {τ ∈ P3(T , S) | div τ = 0}
= {τ ∈ P3(T ,S) | div τ ∈ P1(T ,R2)},

VT = P1(T ,R2).

(3)

Here, S is the space of 2× 2 symetric matrices. The space VT has
dimension 6 and a complete set of degrees of freedom are given by the
values of the two components at the three nodes interior to T . The space
ΣT clearly has dimension at least 24, since

dimP3(T ,S) = 30

and the condition that div τ ∈ P1(T ,R2) represents six linear constraints.
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Arnold-Winther element

We now exhibit 24 degrees of freedom ΣT → R and show that they vanish
simultaneously only when τ = 0. This implies that the dimension of ΣT is
precisely 24, which could also be established directly using the fact that

divP3(Ω, S) = P2(Ω,R2)

and that the degrees of freedom are unisolvent. The degrees of freedom
are

the values of the three components of τ(x) at each vertex x of T (9
degrees of freedom),

the values of the moments of degree 0 and 1 of the two normal
components of τ on each edge e of T (12 degrees of freedom),

the value of the three components of the moment of degree 0 of τ on
T (3 degrees of freedom).
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1. Vertex degrees of freedom (9 DOFs).
At each vertex xi , i = 1, 2, 3, we prescribe the three independent
components of τ :

τ11(xi ), τ12(xi ), τ22(xi ).

This gives 3× 3 = 9 degrees of freedom.
2. Edge degrees of freedom (12 DOFs).
On each edge e we consider the traction vector

τne .

Its components in the normal–tangential frame are

(τne) · ne , (τne) · te .

We define moments of degree 0 and 1 of these components.
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Degree 0 moments:∫
e
(τne) · ne ds,

∫
e
(τne) · te ds.

Degree 1 moments:∫
e
s (τne) · ne ds,

∫
e
s (τne) · te ds.

Each edge contributes 4 degrees of freedom, hence

3× 4 = 12 edge DOFs.
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3. Element (cell) degrees of freedom (3 DOFs).
These are the degree 0 moments of τ over T :∫

T
τ11 dx ,

∫
T
τ12 dx ,

∫
T
τ22 dx .

Total number of DOFs.

9 + 12 + 3 = 24.

These degrees of freedom are unisolvent for the space

ΣT = {τ ∈ P3(T , S) | div τ ∈ P1(T ,R2)}.
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Finite Element Tables

Finite Element Method Tables (Arnold et al.)
https://www-users.cse.umn.edu/~arnold/femtable/index.html
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