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Introduction

The purpose is to present a second important extension of the linear
elliptic Poisson problem, this time into a time-dependent partial differential
equation. We investigate :

(=9

=

(1=

=

=

the existence and uniqueness of a weak solution.
energy estimates.

appropriate finite element discretization.
stability of the discrete problem.

error estimates.

We will follow the book of Ern and Guermond:

Ern, A., and Guermond, J-L. Finite Elements Ill. First-Order and
Time-Dependent PDEs
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The heat equation reads as follows:
for a final time T > 0 and source term f € L2 (0, T; L3(2)), find a
scalar-valued function v : Q x (0, T) — R such that

Oru—Au=f in Qx (0, 7),
u=20 on 9Q x (0, T),
w0 =0  inQ.
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Bochner function spaces are a generalization of Lebesgue spaces to
functions whose values lie in a Banach space, instead of real or complex
numbers, cf. Ern and Guermond [Section 56.1]. We will in particular need
the function space with weak partial derivatives with respect to the spatial
variables to belong to L? in both space and time

X :=L12(0, T; Hy(Q)) . (2)

We will also need its subspace additionally requesting the weak partial
derivative with respect to the time variable to belong to H™! in space and
L2 in time,

Y ={veX; avel?(0,T;HQ)} (3)
We note that

Y =12(0, T; Hy(Q)) nH' (0, T; H1(Q)) c € (0, T; L*(Q)) .
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We will also impose the zero initial condition in the subspace
Yo:={veY; v(0)=0} (4)
We equip the spaces X and Y with the following norms:
T
M= [ I9vPde vex. )
0
VIS = /0 IVVIP 4+ [10ev]iF-1(q) de+ V(TP v e Yo, (6)

where H=1(Q) is the dual space to H3(Q). With (-,-) the duality pairing
between H~1(Q) and H(Q),

IVl = sup (v,¥). (7)
PEH ()
[Vel=1
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The weak formulation for the heat equation is:
Find u € Yy such that

T T
/ (Deu,v) + (Vu, Vv)dt = / (F,v)dt W € X. (8)
0 0

One observs that in contrast to the developments of the previous chapters,
one looks for the weak solution in the trial space Y, which is different
from the test space X. This is in line with the nonsymmetry between
space and time in (1). This is also the origin of the fact that the analysis
of (8) will be more involved. We also remark that formulation (8) is
equivalent to finding u € Yy such that

(Deu(t), v) + (Vu(t), Vv) = (F(t),v) Vv € HY(Q), for ae. t e (0, T).
9)
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Recall that

(Vgo,Vv) 1
IVo|l= max (Vp,Vv)= max ~————= Vype€ Hy(Q), (10)
veHi(Q) vei@) [V 0
(IVv|=1
Note that:
I (Ve, Vv)de
Voe X, |¢llx= max H—o>a—"—0! 11
ol = 880 ™ Tvix ()
Indeed, on the one hand,
Jo (Vip, Vv)dt Ivix
max ————— < HQOHX max HSOHX
vex [vilx veX [|vx

by virtue of (5) and the Cauchy-Schwarz inequality. On the other hand,

U T
lel _ Jo (Vo Vi)t _  Jo (Ve Vv)dt

lellx lellx vex lviix

lellx =

where the lower bound follows by picking ¢ € X in the max.
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The following is a central result for problem (1)

Theorem (Inf-sup identity)
For every ¢ € Yy, there holds

;
lelly = max Jo (e, v) + (Vo Vv)di

12
veX lv|lx (12)

For a fixed ¢ € Yy, let w, € X be defined by, a.e. in (0, T),

(Vw,, Vv) = (Orp,v) Vv € H3(Q). (13)
Using (10) and (7), this implies the identity

VWl = [10c¢lly-1(q) » a-€ in (0, T), (14)

as well as

T T
/ (Orp, v>+(Vga,Vv)dt:/ (V(we +¢),Vv)dt VYveX.
0 0




Consequently, using (11),

fOT <8t907 V> + (V% vv)dt

lIvilx

lws + @l = max
Moreover, the following useful identity holds true on the space Yj :
T 4 d 2 2 2 2
2 [ (@b = [ el de = (TP = IO = (DI (16)
Consequently,
2 T 2
e + ol = |19 (. + )P a
T 2
= [ IVl +2(Fwe, T0) + 9] e
0

]
= /0 10epl sy + 2 (@, 2} + IVl dt = Il

so that the claim (12) follows from (15).

= =7 = = = - -
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Remark (Inf-sup condition).

One remarks easily that (12) in particular implies

i sup Jo_ 02 V) + (T, Vo)
L Iviixllely

> C. (17)
We from (12) actually have an equality with C =1 and min and max in
place of inf and sup. The writing (17) gives rise to the nomenclature
inf-sup condition, which is central in analysis of partial differential
equations and finite element methods of nonsymmetric problems,
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In this subsection we prove the existence and the uniqueness of a weak
solution by the Banach closed range and open mapping theorems. Let X’
be the dual of X, thus,

X' =120, T;H(Q),

and let (-,-)x’ x denote the corresponding duality pairing.

Define the operator:
By : Y() — X'

by

-
(By (), v)xs x 12/ (Orp,v) +(Vp,Vv)dt veX, peY. (18)
0
This operator is clearly linear and bounded as, for all ¢ € Yj,

(BY(@)v V>X',X
Iviix

(18) sup foT (Orp, v) + (Vp, Vv)dt (19)

1By (@)llx = sup
veX

vex Iviix




The weak formulation (8) can then be equivalently rewritten as:
find u € Yy such that

By(p)=f in X\ (20)

Let Y be the dual of Yp and (-, '>y67y0 the corresponding duality pairing.
We will also need below the adjoint operator defined by

By :X =Y,
<BT/(V)790>YO',YO = (By (), V>xl,x veX, ¢V (21)

We can now state and prove the result of existence and uniqueness of
u€ Yy

There exists a unique solution u € Yj.
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Since (8) is equivalent to (20), the existence and uniqueness of a weak
solution u € Yp follows when the operator By from (18) is bijective. By
the Banach closed range and open mapping theorems, this is in turn
equivalent to showing that

i) By is injective, i) By is surjective (22)
i) By is surjective, i) By is injective, (23)
i) By is injective, if) range of By is closed in X', iii) By is injective,

(24)

We will prove the three properties in (24).
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@ Let By(p) =0 for some ¢ € Y. Then, by (18),

-
/ (Orp,v) + (V,Vv)dt =0 v e X.
0

By virtue of Theorem (inf-sup identity), this implies ¢ = 0, i.e., injectivity
(actually, By is automatically injective, since it is an isometry).

@ Consider a sequence p; € Y such that By (i;) is a Cauchy sequence in X'.
Thus, for any real € > 0, there exists k > 0 such that for all m > 0,

1By (#k+m) — By (er)llx: < e

This, however, immediately implies that ¢; is a Cauchy sequence in Yj, since

(29)
1By (¢x+m) — By (¢)llx: = 1By (Pkt+m — 0i)llx: = Pktm — @klly -
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Taking its limit ¢ € Yp, we obtain that
lim [1By () — By (2t)llxr = lim o~ eully =0
Pl y ¥ Y \Pk xl—kﬁooSO Pklly =Y,

so that the range of By is closed in X'.
@ Finally, let By (v) = 0 for some v € X. Then, by (21) and (18),

)
(B (). Py vo = (Br(): Voxox = [ (Oeuv) +(Tip. Ve = 0V e
(25)
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Define £ € L? (0, T; H}(Q)) by, a.e. in (0, T),
€& w)=(Vv,Vw) Yw e H}(Q). (26)

Then (25) in particular implies

T T
| @emiae=- [ o voeD(O.TIx D) C Yo
0 0

which is the meaning of

Orv =& (27)

and in particular shows that, actually, v € Y.
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Consider now an arbitrary function w € H&(Q), so that when multiplied by
the time variable t, tw € Yy. Taking tw as a test function ¢ in (25) and
using the integration by parts in time formula, we see

.
o:/0 (Be(tw), v) + (¢, tw)dt

-
:/ (Or(tw), v) + (Opv, tw) dt
0

=T(w,v(T))—0
=T(w,v(T)).

Since w € H}() was arbitrary and since H}(Q) is dense in L?(R), we
infer that

v(T) =0. (28)
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We finally use tv as a test function ¢ € Yp in (25). This gives, similarly as
in (16),

/OT (De(tv), v} dt = —/OT<§, rv)dt
= —/OT@V, tv) dt
:—/OTt((?tv,v>dt

1" d, 5
==/ t— dt
2/0 21Vl

)
-2 [T||v(T>||2 — oI = [ dt]

1 T
= / Iv]? dt.
2 Jo
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Consequently, still taking tv as a test function ¢ € Yp in (25), and using
this result,

T 1 T T
o:/ (Be(tv), v) + (V(tv), Vv)dt = 2/ IvIP dt+/ Vv de
0 0 0

From here, we conclude v = 0, i.e., the injectivity of By, .

v

Note that the analysis carried out in the previous subsection can be
generalized to the problem

Oru—Au=f in Qx (0, 7),
u=0 on 9Q x (0, T), (29)
u(0) = wo in Q.

where ug € L2(Q).
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Define

X = [2(Q) x L%(0, T, H}(Q)) (30)
Y = 12(0, T, H}(Q) n HY(0, T, H1(Q)) (31)

T
By, (w, v) := (w(0), v) + /0 (Oew, v) + (Vw, Vv)dt (32)

-
Ly (v) := (uo, vo) +/0 (f,v)dt (33)

Then the weak form reads:

Find u €Y such that:
By, (u,v) =Ly,(v), Y(w,v)e X
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