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Energy estimates for the heat equation

Let us consider the following heat equation:

Oru—Au=f in Q2 x (0, 7),
u=0 on 9Q x (0, T), (1)
u(0) = wo in Q.

where ug € L2(Q).

There exists C > 0 such that:

_ 1 [t s
H”(':t)H%z(Q) <e CtH”OHi(Q)‘f‘E/O et )Hf(-,T)H%z(Q) dr. (2)
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Taking the inner product of (1) with u, noting that u(x,t) = 0,x € 0%,
integrating by parts, we get

n

(Getutn) + 3

i=1

@-t)
8X,' ’

Lo(Q2)

Noting that
du 1d
(at(w t),u("f)> = 5&““" t)Hi(Q),

and using the Poincaré-Friedrichs inequality, we obtain

L
2dt

1
luC> OlIZy ) + 51Ul DIz, @) < (FC 1), u(, 1)
)
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Let C = 1/c2; then, by the Cauchy-Schwarz inequality,

H u(, )7, @) + ClluC, Ol @) < IFC Dll@lluC, D)

1 ) C )
< 5 llf G Ol + 5 uC, )iy )-

2dt

hence,

d
T 1uC Ol @) + Cllut, Ol ) < Hf( BIIZ, @)

Multiplying both sides by et

d eCt
= (S luC D) < S IFC DI @

Integrating from 0 to t

1 t

Ci 2 2 @ 2
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Estimates of the form (2) can be used to prove uniqueness of solution.
Indeed, if u; and wuy are solutions to (1), then u = u; — u satisfies (2)
with f =0 and up = 0; therefore, by (2),u =0, i.e. u3 = wo.

Let us also look at the special case when f =0 in (1). This corresponds to
considering the evolution of the solution from the initial datum ug in the
absence of external forces. In this case (2) yields

luC, Dy < e lluolZq), =0 (4)

in physical terms, the energy %Hu(7 t)Hiz(Q) dissipates exponentially.
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Semi-discretization in space

We consider the following semi-discrete trial and test spaces:

Yh :=H(0, T, V4)
Xp, :=Vj, x 12(0, T, V)

We observe that:
YoCY, and XpC X (5)

The semi-discrete problem is :

Find uy € Y,  such that:
B(un, (von, va)) = £(Von, Vi),  ¥(von, va) € X

The approximation setting is conforming due to (5).
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Let Py, : L2(Q) — Vi, be the L?(2) orthogonal projection i.e

(z—="Pv,z,wp) =0, Vw, €V,

Proposition. (well posedness)
@ A function up € Yy is a solution of (6) iff for all wy, € Vj

(8tuh(t), Wh) + (Vuh, VWh) = (f(t), Wh)
up(0) = Py, uo

@ The semi-discrete problems (6) and (7) are well-posed.
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Full discretisation: backward Euler in time

Let N > 1 be the number of time steps and let
O=th<fh<..<tp<..<tyhn=T

be the discrete times; we will denote by /, the n-th time interval, [t,_1, tp]
and 7, the length of the n-th time step,

Tpi=th—tho1 =1, 1<n<N.

As in the previous chapters, we let T, be a simplicial mesh of the closure
of the computational domain Q. Recall that Vi, = P, (Th) N HE ().
Let up = 0. Forall 1 <n <N, find uj € Vjp such that

Tn Tn

There exists a unique solution uj € Vj, for all 1 < n < N solution of (8). \

™7 mid = et

up — u,',’_1 N 1
—_— vy | + (Vuh,Vvh) = — / (f, Vh) dt Vv, € Vhp. (8)
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Error analysis in the L?-norm

n n 2
121na§XN Ju( ") = uhll @) < € (h*+7),

where C is a positive constant independent of h and 7.

The proof can be done by decomposing the global error ep as follows:
eh = u(t") —up =n"+£7,
where
N =u(,t") = Pu(t"), £"=Pu(,t") - up,
and for t € [0, T], Pu(-, t) € V}, denotes the projection of u(-, t) defined by

a(Pu(-,t),vp) =a(u(-,t),vn) Vvy € V.
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