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Introduction

Many physical phenomena involving thin structures are accurately
and concisely described by variational inequalities instead of PDEs.
While we can often write down the model in terms of inequalities,
most of the time we cannot exactly solve them in cases of practical
interest. We, therefore, turn to numerical methods for the
approximation of their solutions. The finite element method is the
most popular, general, powerful and elegant approach for
approximating the solutions of contact problems because

they are " naturally” variational problems.
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» the approximate solution.
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When the error estimator, say, 7 = n(h, uy, f) provides an upper
bound for the error, i.e.,

lu = unll <
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When the error estimator, say, 7 = n(h, uy, f) provides an upper
bound for the error, i.e.,

lu = unll <

we say, that our estimator 7 is "reliable”.
An error estimator is called (locally) efficient if it provides a (local)
lower bound for the (local) error apart from (local) data resolution
ie.,

nr S llu — upl|

Different types of a posteriori estimators are available in the
literature but, here we interest on the residual type estimator.
Efficient a posteriori estimators are successfully used for adaptive
algorithms that involve local mesh refinements.

Note that the proof of the efficiency estimate (up to possible data
resp. obstacle oscillations) is an open problem (see [4] for instance).
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In this work we consider some constrained minimisation problems of
the form:

Find u := arg min Ba(v, V) — E(v)} | (1)

velk
with:
@ K is a closed convex set of a Hilbert space V.
@ a(-,-) is a symmetric continuous and coercive bilinear form on V.
@ /((-) is a linear continuous form on V.

Since K is a closed convex set the the minimization problem (1) is
equivalent to the following variational inequality:

Find u € KC such that
a(u,v—u)>4l(v—u), VveK

The the existence and uniqueness of the solution is a direct
consequence of Stampacchia’s theorem (see [1]).
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The problems considered here are of obstacle-type i.e., the set K is of
the form:
K:={ueV;, Bu>aeinQ}

for some given smooth function 1 and a linear bounded operator B.
Then the strong form of (2) reads:

A (u) >0 inQ
Bu—1®>0 inQ
((u) —€)(Bu—1)=0 inQ

with a linear continuous operator .7 .
We then rewrite the problem using the Lagrange multiplier A

A= (u) — L. (3)
as an independent unknown
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Then we can reformulate the variational inequalities (2) as :

Find (u,\) € V x A such as that
a(u,v) — b(v,\) ={(v), VYveV, (4)

where b(-,-) is a continuous bilinear form satisfies the following
inf-sup condition:

b
4C, >0, sup (v 5)

vev [Ivilv

> Glglhv §€@ (5)
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Until now, for the continuous problem, if

e a(-,) is coercive.

e b(-,-) satisfies the inf-sup condition (5)

Then every thing is well !l existence, uniqueness, ...

But, for the discrete problem, the situation is complicated, because it
is not easy to find a uniformly stable pairing V,, C V and @, C Q
such that the bilinear form b(-, -) satisfies a discrete inf-sup condition
(the analogous of (5) on V}, x @) (see [1] for some concrete
examples).

New approches are needed.
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A new formulation

Defining on H = V x Q the bilinear and linear forms

B HxH—R and ZX:H—R

through

‘%(Wvé; VuU’) = a(W7 V) - b(V,f) - b(W7M)7 (6)
L(v, ) = (v) — gp), (7)

the variational problem can be reformulated as:

Find (v, \) € V xA such that : (8)
Bu v, p—A) < L(v,p—A) Y(v,u) eV xA
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Continuous stability

For the new formulation we have the following theorem:

Theorem 1 ([ ])
If,
® a-,-) is V—elliptic.
@& b(-,-) satisfies the inf-sup condition (5).
Then problem (8) admits a unique solution. Moreover, we have the

following stability result:
For every (v, ) € V x Q there exists w € V such that

B(v, i w,—p) 2 I(v, )l and lwlly S [II(v, Il (9)

where,

w, Ol = (Iwl3 + 11€13) "2, (10)
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Proof. Define p € V, through

a(p.q) = b(q, 1) VgeV (11)
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Proof. Define p € V, through

a(p,q) = b(q,n) VgeV

Form the continuity of the bilinear form a(-, -) it follows that

b(g, ) _ a(p. q)
lallv — llallv

Sliellv vaeVv

Since q is arbitrary, we have

b(q,
v 5 sup H( - bla. i) < o

(KM Univ.)
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Pl < alp. p) = b(p, 1) < llllvllplly — llpllv < llellve (14)

In other words,
Ipllv ~ ([l v

Choosing w = v — p, noting that

PB(v, v —p,—p) =a(v,v) —a(p,v) + b(p, 1)

= a(v,v) — b(v, n) + b(p, 1)
= %(a(v, v) +a(p,p) +a(v—p,v—p))

+ a(p, p)

and applying inequalities (13) and (14) proves the result.
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Variationally Consistent Discretization

or Stabilized FE

The aim is to perturb "consistently” the bilinear form % and .Z, i.e,
find
PBn((un, An); (v, €)) = B((un, An); (v, €))—aBn((un, An); (v, €))
gh(va 5) = g(vaf)_aﬁh(vv f)

such that:
Bu((u, A\); (v, €)) = Lp(v, &), Y(v,&) eH

For suitable choice of the parameter o > 0 and for simple choice of
the finite dimensional space V}, C V and Qn C Q,we need to get
analogue results as in the continuous level, i.e.,

V(Vhy ptn) € Vi X Qn, 3wy € V, such that

II5

BV, pons Wh, —pn) ZII(va, ) II7and - lwallv S [1(va, )]
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As a first model, we consider the contact problem of a simplified
Timoshenko clamped beam with a rigid obstacle.
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As a first model, we consider the contact problem of a simplified
Timoshenko clamped beam with a rigid obstacle.

Figure: A timoshenko beam with a rigid obstacle v
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Then we have the following result:

Problem (15) admits a unique solution. Moreover, the minimizer
(0, w) of problem (15) satisfies

Find (0, w) € K such that ¥(n,v) € K

/0 g — ) dx+t—2/0 (W' — 0)((v — w) — (57— 0)) dx

> (f,v—w)
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Using suitable choice of test functions we can easily show that the
complementarity system reads:

—0" —t72(wW — 0) =0
—t72(w —0) >f

w0 a.ein Q (16)
(—t?(w' —0) — f)(w — ) =0
6(0) = w(0) =

{W(L) =60(L)=0 (17)
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If f and g are in L?(0, L), then (0, w) € (H?(0, L))>.
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If f and g are in L?(0, L), then (0, w) € (H?(0, L))>.

Remark 1

Ifg =0 (or g € H(0,L)), then we can expect that 6 € H*(0, L),

which mean that 6 is more regular then w, which can not be happen

in the equality cas. But this is not surprising because w is
constrained whereas 0 is not. The regularity of w is limited even
when f and g are very smooth, it cannot exceed C11.
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Mixed formulation

By introducing:
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Mixed formulation

By introducing:
A=—t3(w —0) —f

the complementarity system reads:

—0" -t (W' —-0)=0
—H w0y A= a.ein Q (18)
A>0
AMw —1¢)=0
6(0) = w(0) =0
{H(L) =w(L)=0 (19)
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We define,
V = H;(0,L) x H3(0,L), @=H*(0,L)
and let A be the space defined by,
N={peQ (g >0, Vo>0,¢eGo(0,L)}

and we consider the following mixed variational formulation
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We define,
V = H;(0,L) x H3(0,L), @=H*(0,L)
and let A be the space defined by,
N={peQ (g >0, Vo>0,¢eGo(0,L)}
and we consider the following mixed variational formulation

Find (0, w,\) € V x A

a((0,w), (n,v)) + b((n,v),\) = F(n,v) V(n,v)eV
b((0,w), 1 — ) < G(p—A), Ve N

where,

(0w (1) = [0 de e [ =) =)

b((n,v),\) =—=(v,\), F(n,v)=(f,v), G(u)=-—

(KM Univ.)

(20)

(W, )

23 /56



Consistent FE Discretization

Let us consider a finite dimensional space V}, C H;(0, L),
N, C H3(0,L) and Q, C L3(0,L). Moreover, we introduce the closed

convex set
A= {un € Qn;  pn >0}

Then we introduce the following bilinear and linear forms:
Sn((0,w, A); (n,v, €)) =P*[(0" + t (W' = 0), 0" + t7*(v' —n)
H (W =) NV =) + €]
Ly(n, v, &) =k (F t72(v" =) +€)

and for suitable choice of the parameter o > 0, we define,
Pr((0, w, A); (n,v,€)) = B((0, w, A); (n,v.€))

- OéBh((@, w, /\)' (77/ v, 5))

zh(na v, é) = 3(777 v, 6) - aﬁh(nu v, f)

(KM Univ.) 24 /56



Finally, we consider the following problem:
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Finally, we consider the following problem:

Find (05, wh, An) € T)p X VXA, such that
V(1h, Vi 1tn) € Ty X Vi X Ay (21)
Br((On, Why An); (ks Vas tih — An)) < ZLh(1hs Vi, fth — An)

Then we can choose the finite element spaces:

Vi =1Np =Pis2
Qn =P«

k>0

to get the discrete stability:

V(vh,uh) €V, x Qh; dwy, € V,, such that
B (Vh, 1105 Why, —pon) 2N (vi )12 and [lwallv S [1(ve, )]

(KM Univ.) 25 /56



The obstacle problem of an elastic membrane consists of
{ Finding u := arg minJ(v) (22)
vek

where,
1 2
J(v):== [ [Vv|®dx—(f,v)
2 Ja
K:={veHQ);, v>1aeinQ}
Then, the primal problem reads:

Find u € IC such that
a(u,v—u)>(f,v—uy, Yvek

with,
a(u,v) = / Vu-Vv dx
Q

(KM Univ.) 26 / 56



The strong formulation reads:

—Au—f>0, dans(

u>1, dans
(24)
(Au+f)(u—1) =0, dansQ
u=0, surl

We introduce the Lagrange multiplier A = Au + f, then the problem
reads:

—Au—X=f, dansQ

u>1, dans(

A>0, dansQ (25)
Mu—1)=0, dansQ

u=0, surl

(KM Univ.) 27 /56



The Lagrange multiplier belongs to the space
Q=H1Q).
We introduce, the set:
N={peHY Q)| Vg1, = 0, Vv € V,v>0aein Q}
The mixed formulation reads:

Trouver (u, ) € V x A such that
a(u,v) + b(v,\) ={(v), VveV (26)
bu,pp—A) < g(p—2A), VueN

with,
b(va :u) - </\7 V>H*1,H& ) G(:u) - <¢7H>

(KM Univ.) 28 /56



A compact formulation

Defining on H = V x Q the bilinear and linear forms
B HXH—R and Z:H—R

through
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A compact formulation

Defining on H = V x Q the bilinear and linear forms
B HXH—R and Z:H—R

through

‘%(Wvé; VuU’) = a(W7 V) - b(V,f) o b(W7 M)? (27)
Z(v,p) = U(v) — g(n), (28)
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A compact formulation

Defining on H = V x Q the bilinear and linear forms
B HXH—R and Z:H—R

through

‘%(Wvé; VuU’) = a(W7 V) - b(V,f) o b(W7M)7 (27)
Z(v,p) = U(v) — g(n), (28)

the variational problem can be reformulated as:

Find (u,\) € V xA such that : (29)
Blu v, p—N) < L(v,p—A) Y(v,u) €V xA
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Pr((un, An); (v, €))
fh(v, f)

B((un, An); (v, €))—aBi((un, An); (v, €))
L(v,&)—aLly(v,§)

(KM Univ.) 30 /56



Br((un, An); (v, 8)) = B((un, An); (v, &) —aBp((un, An); (v, €))
Ln(v, &) = L(v,&)—aLly(v,§)

with

Ba((w,€)i (v, ) ==Y h(—Aw — & —Av — )7

TETH

‘Ch(vv :u) = Z h%’(f7 —Av — N)T
TETH

Note that with the assumption f € L?(Q) it holds that
Au+ )X € L%(Q) even if Au¢ [%(Q) and X ¢ L?(Q). Hence, it holds
that:

Bh(u, X; Vi, fin) = La(Vh, ftn),  V(Vh, i) € Vi X Ap (30)

(KM Univ.) 30 /56



Reissner-Mindlin plate

For a clamped Reissner-Mindlin plate we look for a rotation 6 and
displacement w in the set IC defined by:

K:={(n,v) eV :=H;Q) x H(Q); w >}

(KM Univ.) 31/56



Reissner-Mindlin plate

The problem consists of

Finding (6, w) =: arg min J(n, v)
(m,v)eKk (31)
where,
1 A2 )
J(O,w) == [ Ce(0):¢(0) dx+ IVw — 0| dx — [ fw dx
2 Jo 2 Ja Q

where the matrix C and the scalar A depend on plate materiel, t is
the thickness of the plate and f represents the loading We recall the

0165 + 0,0

0,61 102 _ p1%1
6(0) - 0201 + 010> 9,0
5 p1%3

(KM Univ.) 32/56



Fourth order contact problems
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Bernoulli's beam

Now we consider a clamped Bernoulli's beam posed over an obstacle
1, the equilibrium problem reads :

Find v := argmin J(v)

veKp
where,
1 L
J(v) :—/( ) dx — (f,v)
2 /o
Ksg —{ve % —H2(0 L); v>w}
Then,

(KM Univ.) 34 /56



The complementarity system reads:

w® -\ =f
A>0 a.ein Q (32)
Aw —1) =0

(=)

)= w(0)=0

w(
{W(L) =w'(L)=0 (33)

Under appropriate smoothness assumptions, the solution to the
Bernoulli’s problem over a rigid obstacle is in H® but it cannot belong
to H*. The exact solutions given in [5] seem to indicate that the
smoothness threshold is C>' or H"/?=¢ ¢ > 0.
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We define,
H :=H3(0,L) x H2(0, L)
A:={ue€H?30,L);u>0; aein(0,L)}
and
B(w, p; (v,€)) = a(w, v) — b(v, u) — b(w,¢)
ZL(v,§) = (f,v) = (¥,€)

the variational problem can be reformulated as:

{ Find (u,A) € VxA such that :

34
Bu v, p—N) < L(v,p—A) VY(v,u) eV xA (34)
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VC Discretization

Let &), be a discretization of [0, L], we consider the finite element
subspaces
Vi, C H3(0,L), @, C H™2(0,L) (35)

Moreover, we define
Ao ={pn€ Qn:ppn>0in(0,L)} CA. (36)
Let us introduce bilinear and linear forms %, and %, by

(w Ev.p) = Blw, g-vm—ash(w &v.n)

(w.&v.p) =) hi(w “ =)
1€%)
gh(‘/?u’) = g(vv ILL) - O{Z h?(fa V(4) - lu)/’ a>0
€6,

(KM Univ.) 37/56



Discrete problem

Find (up, An) € Vi x Ay such that :
Br(Un, My Vi o — An) < Lr(vipen — An) V(v pin) € Vi X A

Let us introduce the following norm

1(wa, €)1l = llwall2 + [1€al12 (37)

Theorem 4

Then for all (vy, pun) € Vi X Qp there exists wy, € v, such that

Bh(Vh, i Why —n) 2 11 (Vs o)1 (38
11(wh, =all[n) < 11(a, 1on) [l (39

_—— == = o

(KM Univ.) 38 /56



(A priori estimate)

(Theorems |

It holds that

I1u = un, A= A
S nf (1l = v A= )l + /(a =) ) + ose(f).

VhE Vi, n€EAR

(KM Univ.) 39 /56



(A priori estimate)

(Theorems |

It holds that

I1u = un, A= A
S nf (1l = v A= )l + /(a =) ) + ose(f).

VhE Vi, n€EAR

—  inf (H|(u — Vi A= m)ll| + v/ {u — b, pin — A}) + osc(f).

VhE Vi, ih€NAp

~h* a>0

(KM Univ.) 39 /56



For the Kircchoff plate model, we define:

K(w) = —e(Vw),

M(w) = %CK(W).

The obstacle problem of a clamped Kircchoff plate reads:

Find u = argmin Ba(v, v) — f(v)] :

velk
with
a(w,v) = /Q M(w) : K(v)dx,
((v) :/va dx
K={veHQ):v>1yinQ}

(KM Univ.)
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The strong form is thus : Find u and A such that

A(u)—A=L inQ (41)
A>0 inQ (42)
AMu—Y)=0 inQ (43)
u=0 and % =0 on 0Q. (44)
with the biharmonic operator </ (u) given by

o (u) = DA?u (45)

where D stands for the bending stiffness defined through

Et3

D—12(1—y) (46)

(KM Univ.) 41/56



Consistent FE discretization

Let 7, be a conforming shape regular triangulation of € which we
assume to be polygonal. The finite element subspaces are

VicV, Q,CQ (47)
Moreover, we define
Ao ={pn € Qn:pn>0in Q} CA. (48)
Let us introduce bilinear and linear forms 4, and %}, by

PBr(w, & v, 1) = B(w, & v, u)—aSh(W & v, i)

Sp(w,&v,u) = Y (o (w) =€ (v) = p)r
TeTh
gh(v,u):.,iﬂ(v,u)—azh‘}r(f,;z%(v)—,u)T, a>0
TET,

(KM Univ.) 42 /56



We then consider the following proble: Problem 2 Find
(up, An)€ Vi X Ny such that

B(un; Aw; Vs ftn — An) < L (Viy pn — An)  V(Vh, pin) € Vi X Ay
Then for the conforming finite element spaces :

Vi ={vy € H3(0,L), vyt € P*(T),VT € Tp}
Qv ={un € Qi pnr €P(T),VT € Th, k >0}
Then we obtain:

» The analogue discret stability result as in Theorem 4.
» The analogue a priori error estimate as in Theorem 5.
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A posteriori error estimate

First we recall the following integration by parts formula, valid in any
domain R C

ag(w,v) = /R <f (w)vdx — o Qn(w)vds
v v
_ /BR(M(W)% + Mo(w)'5) s

where we have used the shorthand notation

ag(w,v) = /R M(w) : K(v)dx,

(KM Univ.) 44 /56



A posteriori error estimate

Now we define the normal shear force and the normal and twisting
moments through

Qn(w) =Q(w) - n, Mp,(w)=n-M(w)n,
Mps(w) =Msp(w) = s - M(w)n,

with n and s denoting the normal and tangential directions at R.
integrating by parts on a smooth S C R we get

/Qwvds—//\/lns(w)@ds:/v,,(w)ds— [aMps(w)v,  (49)
s s s S

where p and g are the endpoints of S and the quantity

OMps(w)

s (50)

Vo(w) = Qn(w) +

(KM Univ.) 45 /56



Denote by weg = T1|J T, the pair of triangles sharing an edge E and
define jumps in the normal moment and the shear force over E
through

[[Mnn(v)]]E = Mnn(V) - Mn’n’(V)
[Va(W)le = Vi(v) + Vi (v)

where n and n’ stand for the outward normals to T; and T,
respectively.

(KM Univ.) 46 /56



To derive a posteriori error bounds, we define the local residual
estimators

07 = hlle (un) = An = £15 7. (51)
ng = hell[Va(un)ll5 e + hell [Man(un)] 5 e (52)

and the corresponding global estimator

=D nrt > (53)

T€eTh Ecé&l

where & denotes the set of interior edges in the mesh, An additional
global estimator S, due to the unknown location of the contact
boundary, is defined through

S =(up— )+ + Y 4H )+ lI6,7 (54)
TETh T

where u; = max(u, 0) denotes the positive part of u.

(KM Univ.) 47 /56



The following a posteriori estimate holds:

Theorem 6

(v —un, A= M)l S+ S

Remark 3

the upper bound cannot be established as elegantly as for the second
order problem, since the positive part function is not in H*(Q).

Theorem 7

1 S (u = un, A= Al (55)
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The following a posteriori estimate holds:

Theorem 6

(v —un, A= M)l S+ S

Remark 3

the upper bound cannot be established as elegantly as for the second
order problem, since the positive part function is not in H*(Q).

Theorem 7

1 S (u = un, A= Al (55)

(55) can be proved with the help of the following saturation
assumption: There exists 5 < 1 such that:

11(u = unj2, A = Anp2)lllnj2 < BllI(u = un, A = An) |l

which itself an open problem.
(KM Univ.) 48 /56



Numerical Tests
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Signorini problem

Te

Rigid Foundation
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Signorini problem

FIGURE 1 — The domain ©
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Timoshenko's beam

Now we present numerical tests for Timoshenko's beam:
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Timoshenko's beam

Now we present numerical tests for Timoshenko's beam:

@ For the first test we take 11 = —0.4x? + 0.4x — 0.150 and
f=—1.
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Timoshenko's beam

Now we present numerical tests for Timoshenko's beam:

@ For the first test we take 11 = —0.4x? + 0.4x — 0.150 and
f=—1.

@ For the second test we take ¢, = 0.05 and f = 1..
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Timoshenko's beam

Now we present numerical tests for Timoshenko's beam:

@ For the first test we take 11 = —0.4x? + 0.4x — 0.150 and
f=—1.

@ For the second test we take ¢, = 0.05 and f = 1..

For both tests we use the finite element P, — P; — Py and consider
very small thickness t = 0.001 in order to test the method agains the
locking phenomena.
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(a) with w > 9
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(b) with w < 4,
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Kircchoff plate

(c) The obstacle (d) the constraint
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The finite element method leads to stable discrete problems for very
simple choice of the finite element subspaces even for very small
values of thickness t.

(KM Univ.) 56 / 56



The finite element method leads to stable discrete problems for very
simple choice of the finite element subspaces even for very small
values of thickness t. Therefore, at least for the considered problem,
it is locking-free. It allows us to use different and various approaches
to solve a constrained minimization problem as it reformulates the
problem as a standard variational inequality.
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it is locking-free. It allows us to use different and various approaches
to solve a constrained minimization problem as it reformulates the
problem as a standard variational inequality. The only drawback that
we have observed is the choice of the parameter . Theoretically, it
belongs to an interval of the form ]0, C[ where the constant C
depends on the domain and the coercivity constant of the
corresponding bilinear form, which is not always available.
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The finite element method leads to stable discrete problems for very
simple choice of the finite element subspaces even for very small
values of thickness t. Therefore, at least for the considered problem,
it is locking-free. It allows us to use different and various approaches
to solve a constrained minimization problem as it reformulates the
problem as a standard variational inequality. The only drawback that
we have observed is the choice of the parameter . Theoretically, it
belongs to an interval of the form ]0, C[ where the constant C
depends on the domain and the coercivity constant of the
corresponding bilinear form, which is not always available.However, in
practical tests, we have seen that for the considered example, some
simple choice of the parameter « leads to the convergent method.
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