Interpolation Error and Convergence

Interpolation Error and Convergence 1/14



Main objective

Let  be a bounded domain of R? with Lipschitz boundary and let 7j,
be a discretization of (2.
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Let Q be a bounded domain of R? with Lipschitz boundary and let 7T,
be a discretization of €2. The interpolation inequality claims that:
VK € Ty, Vv € HH(K)

0= TR (V) | < ¢ BT olpir g, 0<m<l+1

where, 7, is the interpolation operator that maps H**! into the Finite
elements space.
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Main objective

Let  be a bounded domain of R? with Lipschitz boundary and let 7j,

be a discretization of €2. The interpolation inequality claims that:
VK € Ty, Vv € HH(K)

0= TR (V) | < ¢ BT olpir g, 0<m<l+1

where, 7, is the interpolation operator that maps H**! into the Finite
elements space.

This inequality can be used to prove the convergence of the finite
element solution when the mesh size h goes to zero.
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Preliminaries:

Theorem. (Poincaré-Wirtinger Inequality)

Let Q € RY be a bounded, connected, open subset with a Lipschitz
boundary, and let 1 < p < 0.
For any function u € WP (Q) such that u has zero mean, i.e.,

/ud:c:O,
Q

there exists a constant C' depending only on 2 and p such that

Hu”LP(Q) < CHVU’”LP(Q).
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Preliminaries:

Theorem. (Poincaré-Wirtinger Inequality)

Let ©Q C R? be a bounded, connected, open subset with a Lipschitz
boundary, and let 1 < p < oc.
For any function u € WP (Q) such that u has zero mean, i.e.,

/uda:zO,
Q

there exists a constant C depending only on {2 and p such that

HUHLP(Q) < CHVU’”LI’(Q).

Theorem. (Rellich-Kondrachov)

Let Q C R? be a bounded open subset with a Lipschitz boundary. For
1 < p < oo. If {u} is a bounded sequence in W1P(Q), then there exists
a subsequence {ug, } that converges in L9(€2) where 1/p +1/q = 1.

v
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Interpolation in one dimension: d = 1

For : a fixed integer m > 0 and h = 1/N, we consider the spaces of
Lagrange finite elements P,,:

Vit = {f € C°(0,1]) | flijn,Gi+1)n) € Prayj =0,...,N — 1}
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Interpolation in one dimension: d = 1

For : a fixed integer m > 0 and h = 1/N, we consider the spaces of
Lagrange finite elements P,,:

Vit = {f € C°(0,1]) | flijn,Gi+1)n) € Prayj =0,...,N — 1}

e [P, is the set of polynomials of degree less than or equal to m.

@ The polynomials v; are defined by their explicit expression:

Hj;éi(y — Yj)

vily) = ijsi(yi — yj).

where, for all j, 0 <j <m;y; =j/m
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Interpolation in one dimension: d = 1

For : a fixed integer m > 0 and h = 1/N, we consider the spaces of
Lagrange finite elements P,,:

Vit = {f € C°(0,1]) | flijn,Gi+1)n) € Prayj =0,...,N — 1}

e [P, is the set of polynomials of degree less than or equal to m.

@ The polynomials v; are defined by their explicit expression:

Hj;éi(y — Yj)

vily) = ijsi(yi — yj).

where, for all j, 0 <j <m;y; =j/m

We can easily construct a basis (®5) of V;™ using the basis functions ;.
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Basis Functions ®(x)

We associate with the space V" the set of degrees of freedom
xp = k/(Nm), where k =0,..., Nm.

For each k£ = 0,..., Nm, there exists a unique pair of integers p and ¢
such that: 0 <p < N and 0 < g <m, and kK = pm + q.

Interpolation Error and Convergence 5/14



Basis Functions ®(x)

We associate with the space V" the set of degrees of freedom

xp = k/(Nm), where k =0,..., Nm.

For each k£ = 0,..., Nm, there exists a unique pair of integers p and ¢
such that: 0 <p < N and 0 < g <m, and kK = pm + q.
If g =0,
(0 if x < ph
Bu(e) — 4 onll@ = (= DR)/A) ia e (o= 1)hph
vo((z — ph)/h) if x € [ph, (p + 1)A]
0 ifz>(p+1)h

\
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Basis Functions ®(x)

We associate with the space V" the set of degrees of freedom

xp = k/(Nm), where k =0,..., Nm.

For each k£ = 0,..., Nm, there exists a unique pair of integers p and ¢
such that: 0 <p < N and 0 < g <m, and kK = pm + q.
If g =0,
(0 if 2 < ph
Bu(e) — 4 onll@ = (= DR)/A) ia e (o= 1)hph
vo((z — ph)/h) if x € [ph, (p + 1)A]
C ifz>(p+1)h
If ¢ # 0,
0 if x < ph
Op(z) =  Ye((x —ph)/h) if x € [ph, (p+ 1)A]
0 ifex>(p+1)h
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Interpolation Operator

The set (®j) forms a basis of V™.

Interpolation Error and Convergence 6/14



Interpolation Operator

The set (®j) forms a basis of V™.
Finally, we define the interpolation operator 75, from H'(0,1) into 73, by

Nm
TRU = Z u(xy) P
k=0
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@ Show that for 1 <n < m + 1, there exists a constant C' such that
for any v € H"(]0, 1|):

Iriu = ull g < Cllut™ |l 2.
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@ Show that for 1 <n < m + 1, there exists a constant C' such that
for any v € H"(]0, 1|):

Ir1u — ull g < Cllul™|e.
@ Deduce that for 1 < n < m + 1, there exists a constant C such

that for any u € H"(]0, 1|):

|mnu — w2 < CR™||Ju™ || L.
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@ Show that for 1 <n < m + 1, there exists a constant C' such that
for any v € H"(]0, 1|):

Iriu = ull g < Cllut™ |l 2.

@ Deduce that for 1 < n < m + 1, there exists a constant C such
that for any u € H"(]0, 1|):

|mnu — w2 < CR™||Ju™ || L.

Similarly, show that there exists a constant C such that for any
u e H™(]0,1]):

[(rhw) = 'l 2 < R Hu®™ ] o
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@ Show that for 1 <n < m + 1, there exists a constant C' such that
for any v € H"(]0, 1|):

Iriw =l g < Clu™)| 2.

@ Deduce that for 1 < n < m + 1, there exists a constant C such
that for any u € H"(]0, 1|):

|mnu — w2 < CR™||Ju™ || L.

Similarly, show that there exists a constant C such that for any
u e H™(]0,1]):
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@ Deduce an error estimate for the Lagrange finite element method
P,, applied to the problem:
—u"=f onl0,1, u(0)=wu(l)=0,
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Answer for Question 1:

Hint:

o Let II,,_; be the L? orthogonal projection onto the set of
polynomials of degree at most n — 1. Show that for any
u e H™(]0,1]) and n < m+ 1, we have:

U —7ru=uv—rv,

where v = v — 1I,,_qu.
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Answer for Question 1:

Hint:

o Let II,,_; be the L? orthogonal projection onto the set of
polynomials of degree at most n — 1. Show that for any
u e H™(]0,1]) and n < m+ 1, we have:

U —7ru=uv—rv,

where v = v — 1I,,_qu.

Let II,,_; be the orthogonal L? projection onto the set of polynomials
of degree at most n — 1.
Since

i, —qu=1I,_qu for n<m+1,

we have
u— Tu =v— TV, where v =u — II,,_ju.
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Answer for Question 1

By the definition of I,,—1, if u € H"(]0, 1) then v € H™(]0,1[), where
H™(]0,1]) is the set of functions in H"(]0, 1]) that are L2-orthogonal to
polynomials of degree < n — 1, i.e,

~

(0, 1)) := {veH”do,lD; [ vwn-riw de=o, vpneﬂ»nl}

The inequality for £ = 0 is a Poincaré-Wirtinger inequality.
Suppose that there exists a constant C' > 0 such that

H’U(k_l)‘ vo € A™(]0,1]).

=29

L2
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Answer for Question 1

By the definition of I,,—1, if u € H"(]0, 1) then v € H™(]0,1[), where
H™(]0,1]) is the set of functions in H"(]0, 1]) that are L2-orthogonal to
polynomials of degree < n — 1, i.e,

~

(0, 1)) = {veH”Go,lD; [ vwmste) de=o Vpneﬂ»nl}

The inequality for £ = 0 is a Poincaré-Wirtinger inequality.
Suppose that there exists a constant C' > 0 such that

H’U(k_l)‘ vo € A™(]0,1]).

=29

L2
Let us show that there exists C' > 0 such that

[+

<] e imgo.ap.
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If this were not the case, then there would exist a sequence
vy € H™(]0,1]) such that

Hvék)H =1 and HvékH)H , 0 as ¢ — 0.

L2 L

By the recurrence hypothesis, (v,) is thus a bounded sequence in
H**1(]0, 1[).
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If this were not the case, then there would exist a sequence
vy € H™(]0,1]) such that

Hvék)H =1 and HvékH)H , 0 as ¢ — 0.

L2 L

By the recurrence hypothesis, (v,) is thus a bounded sequence in
H*1(]0,1).

The Rellich Lemma tells us that there exists a subsequence (which we
denote by (v)) converging in H*(]0, 1[).

+1)
12

Since Hvék — 0, we deduce that (vy) is a Cauchy sequence, and

therefore convergent, in H**1(]0, 1]) to a function v € H**1(]0, 1]).
The limit satisfies v*T1) = 0 and is also L2-orthogonal to polynomials
of degree < n — 1. Thus, v = 0, which contradicts Hfu(k) HL2 = 1.

@ We deduce that for 1 <n <m +1,
vl < C [0

L2
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Since H'(]0,1[) is continuously embedded in C°([0, 1]), we conclude the
existence of a constant C' such that

Irvllg < Cllv) .

The desired inequality is then obtained through a simple triangular
inequality.
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Answer for Question 2

For all v € H(]0,1[), we have

) No1 (1N
o — o220, = /“ nv(@) — o) da.
J

For each j € {0,..., N — 1}, let

wj(z) = v((z +7)/N)

then
niw;(z) = (tpv) ((x + j)/N)

and by a change of variable,

(J+1)/N ) 1 ,
[ Imete) o) de = [y~ wf? d

j/N
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Answer for Question 2

Thus,
N—-1

2 2
[T — U||L2(0,1) =h Z [T1w; — wj||L2(O,1) '
j=0

From the inequality established in question 2, we deduce that

N—-1 .
o =l < CH Y [ fuf”
=0

Combining this inequality with the equation, we obtain the desired
estimate.

2
dx.

Interpolation Error and Convergence 13 /14



Answer for Question 3

By Céa’s Lemma we have

lw— unllgr < Ctevhigé}:n\\u — Op| g

Take
Vhp — THU

then,
[u —upll g < Cteh™ [ufmq
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