Exercise: Nonlinear Laplacian Problem

Let Q be a bounded open set with a sufficiently smooth boundary I, and let f € L¥'(Q),
where p’ > 1. We consider the following problem:

(1)

u=0 onl,

{A(u) = —div (|VuP?Vu) = f in Q,

where p is the harmonic conjugate of p’ such that % + 1% = 1. We recall that the operator
A satisfies:

A WP(Q) = W (Q) (2)
—Aw),u—v o Hu—vH2 i

(Alw) = A(w)u =) > oqrl e, ifpe (1,2 3)

(Au) = A(v),u —v) > Bllu— vl if p € [2,00) (4)

for some a > 0 and 5 > 0.

Question 1

Write the variational formulation of the boundary value problem (1).

The problem can be written as:
Find u € V = W, *(Q),

/|Vu|p2Vu'Vv = / fv, YveV.
Q 0

Question 2

Prove that the variational problem admits a unique solution u € V.

The operator A is Lipschitz-continuous and strongly monotone. Hence the existence
and the uniquness of the solution follows by standard fixed point argument.

Question 3

Let V}, C V be a finite element subspace associated with a regular triangulation 7j,.
Write the discrete problem.

The discrete problem is:
Find uy, € Vj,
/ ]Vuh\p”Vuh -V, = / f?)h, Yu, € V).
Q Q



Question 4

Define the residual R : W, ”(Q) — R by

(R,v) :/ ]Vuh\p_2Vuh-Vv—/fv.
Q Q

Show that the residual R is an element of W~ ().

We have |Vu,[P2Vu, € L®(Q) C LY(Q),Yq > 1, and f € L” (). Then by Young
inequality,

30 >0, st (R, )] < Cllv|liy Yo e WyP(Q). (7)

Question 5

Show the a posteriori estimate

1/p’
lu — upllwrr < C (Z 77?) : (8)

TeTh

where,

1/p'
nr = {hT IV (IVunlP>Vun) + flo o+ Y e |[[VunP V-] |7 } :

0,p',e
eCOT

First, observe that,

(R, v) = a(u, —u,v), Yve WP(Q). (9

~—

by integrating by parts over each element T' € T}, we have,
(R,v) = Z {/ (—=div(|Vun[P*Vu,) — f) v+ Z / |V P2V, - n] v}.
TeT, T eCoT
By Galerkin orthogonality, we have
(R,vp) =0 for all v, € Vj,,
then, we obtain

(R,v) = (R,v — Tpv)

TETH eCOT

= (A(up) — A(u),v — Zpv) .

= Z {/ —div(|Vup|P*Vuy) — f) (v — Zyv) + Z/ |Vun|P~?Vuy, - n] (v —Tyv)

}



and the interpolation operator Zj,, !

v — Zpv|lmpr < Chy™ Z |vllipr, form=0,1

T'eSt
we obtain,
1/p'
Rl < C (z 77?) ,
TeTh
with,

eCOT

1/p’
= {hT [V (V2 Vun) + £l o+ D he [[IVunl™* Ve ﬁhlé’,pae} ~

Now,

e for the case p > 2, we have,

1/p’
Alup) — A(u),v R,v /
Bllu— uplly < sup AL AW, 8 >—|\R||—1,p30(2n%> ,

veWy? [0+, veWOI"’HU Lp TeT,

e For, 1 < p <2, since we have A(0) = 0, then,
(A(u),u) = allullf -
and we have, A(u) = f then,
allullf, < (f;u) < [[fllw-w ) - el
i.e,

1 Ye=1) 1/(p-1)
lullip < (= 1F w10y < (/o)

the same argument for for wuy, so,
27}7 2—p
(el + llunlly) < O )
Now, from (3) we conclude that:
lun = wlli,, < (A(un) — Aw), up — u)

or,

1/p
A(up) — Alu),v — v /
lun = ulls, < sup ALun) = Al) h>=||R||_1,psc<Z n§> |

e ol 2

Lsob(W™P) + 1 —m = sob(WhP).



