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A posteriori error analysis for the obstacle problem

1 Preliminaries

Let © be a bounded open subset of R? with boundary 99). Let f € L*(Q2) and v € H}(Q)NC(Q).
We introduce :

Vi=H;(Q):={ve H(Q) | v=0on N}
K:={veV; v>1ae inQ}
Q:=H'(Q)

We are interested in the a posteriori analysis of the following variational inequality :

Find v € K such that
/Vu-V(v—u)d:z: > / flo—u)dz, Yvek
Q Q

We recall that (see the MEF2 course) :
i Stampacchia’s theorem guarantees the existence of a unique solution u to (1).
i If 0N is sufficiently regular (C'1), then u € H?(Q2) N HJ ().

1= q satisfies the complementarity system :

—Au—f>0, inQ
u—1 >0, in{ (2)
(u—1,—Au—f)=0, in{

= A priori error estimation. If uw € H*(Q) N K is the solution of (1) and w;, € K; (with
Vi, = V;!) is the solution of the discrete problem, then we have :

lu—uplro = [|V(u—up)|r2@) < C h(Julpz) + | fll120) + [¢]r20) (3)

Remarks :

1. The estimation (3) requires H?(Q) regularity.
2. Practically, it is difficult to verify K, C K.



2 A Mixed Variational Formulation
We introduce the set :
A={pe@ | {(wv)y>0, YveV, v>0ae inQ}
Let H =V x A. We define the bilinear form A : H — R and the linear form £:V — R by :

A((v,8); (w, 1)) = (Vv, Vw) = (&, w) — (1, v)
‘C’(wvlu) = (f7 w) - <¢7:U’>

. Verify that the problem (1) is equivalent to the following variational problem :

[

Find (u,\) € H such that
A((u,)\);(w, :u_)‘)) < ;C(’LU,[L—)\), V(’LU,,U) S

2. Show that there exists > 0 such that :

| (€.v)
fsup——2r 2
s Tela =7 )

3. Show that for all (v,{) € H, there exists w € V such that :

A((v,8); (w, =) Z (vl + lIg]l-1)* (6)
[l < ol 4 (1€l - (7)

4. Deduce that :

36 >0, such that  sup A((v,); (w, 1))
(w,p)EH | (w, 1) |2

> BlI(v, Ol

3 Discretization of the Mixed Problem

Let T;, be a regular triangulation of 2, and &, the set of interior edges.
We consider two finite-dimensional spaces V}, and @)y, :

Vi CHy(Q) Qnc H Q)
where the functions of (), are piecewise polynomial. Additionally, we define :
Ay ={pn €Qn:pp>0 inQ} CA
and consider the following discrete problem :

{ Find (up, An) €Vi, x Ay, such that s)

A((wn, An); (Ons po — M) < L(vp, o — An) - V(n, ptn) € Vi X Ay Vpp € Ay,



1. Show that if V}, and (), are such that :
sup (Vn, &)

UhHl

2 nll=1,  Vén € Qn

v €V

Then,
a. For all (v, &) € Vi, X Ap, there exists wy, € Vj, such that :

A((vn, &n); (wn, =€) 2 (lvnlls + [1€nll-1)*

Jwrll S lvalls + [[€nll -1
b. Deduce that :

33 >0, such that sup A((vn, &n); (wh, pin))
(i) etn (W fn) |12

2. Show that the mixed formulation (8) has a unique solution (uy,

> B (vn, &) ||

An) € Hp.

3. Approximation Property. Assume that (u, A) € H is the solution of (4) and (up, An) € Hp

is the solution of (8). Then :

1w, A) = (un, An)llae = ind [, A) = (vn, &) [l

(vh,En)EHR

4 A Posteriori Error Estimation

First, we define the local indicators :

n7 = byl Aup + A + fII5 7,
02 = he|[[Vuy, - ][5 .

We also define :
= mt+ >
T e
S =1 = unlls + V(¥ — un)s, M),

where w; = max{w, 0} denotes the positive part of w.

4.1 Reliability of the Indicator

In this subsection, we aim to prove the following estimate :

lw = unlls + [|A = Anll-1 S 1+ S ( %)
1. Show that there exists w € V such that :
A((w = wp, A= Mp); (w, An = X)) Z (lw = unlly + |A = Anll=1)?, (13)
Jwllv S llu = unlls + [[A = Anl[-1. (14)
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2. Let wy be the Clément interpolation of w. Show that :
0 < L(—wp, 0) — A((un, An); (—wp, 0)).
3. Show that :
(= wnlly + [IA = Aull-1)? S L(w = wn, Ay = A) = A((un, An); (w — wpy A = A)). (15)
4. Show that :
(un =, A = A) < [(@ = wn) 4 1A = Anll=1 + (& — un)+; An) - (16)

5. Deduce the estimate (* * x).

4.2 Optimality of the Indicator

Let f, € @), be the projection of f with respect to the Ly inner product, and define :

oscr(f) = hellf — fullor,
osc(f)? = ZOSCT(f)z-
T

1. Show that for any v, € V}, and u, € @, we have :

holl Av, + pn + fllgr S llw—vnllizr + X = pnll—17 + oser(f), (17)
h?[Von - nlloe S llu—=onlliwe + > (1A= pall-vr + oser(f)) . (18)
Tew(e)

2. Deduce that :

nr S llu—unllie + A = Anll—17 + oser(f), (19)

Ne S v — unll1we) + Z (IA = Aall—1,r + 0scr(f)) (20)
Tew(e)

NS llu—uplly + []A = Anll =1 + ose(f). (21)




