Homework 1: A Posteriori Error Analysis by Duality

1 A general diffusion operators with variable coefficients.

Let © be a bounded open set of R with boundary 9Q = I'p UT' . We consider the following problem:
Lu:=-V-{aVu}+cu=f inQ
u=0 onlp (1)
n-{aVu} =g onTy.
We define the residuals, R (un), and 7 (up)p, by

R(u;,)lK = f+V - -{aVup} — cup (2)
in - [aVuy], if I C OK\0Q
7 (un)r == 40, ifrrcIp (3)

n-{aVup}—g, T CTy
The error e is to be estimated in the L? norm using a posteriori error estimates by duality method.
1. By considering the following adjoint problem :
-V -{aVz} = |le|te inQ, (4)
z=0 on 0N (5)
show that:
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and the "weighted’ L?-error estimate

||e|| < nf2 (Uh) =Cr Z h%(pKWK, WK = HVQZHK
KeTy,

with the cell residuals pg = || R (up) || x + h}l/z |7 (un)|| 55 @s defined above. Both error estimators

are evaluated by replacing the second derivatives of the dual solution z by second-order difference
quotients of an approximation z, € V3,
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The interpolation constant is set to ¢; = 0.2. The functional J(-) is evaluated by replacing the un-

)

known solution u by a patch-wise higher-order interpolation I }(Lz up, of the computed approximation

up, that is, e =~ I}(f)uh — Up,.

2. Numerical test: We choose the square domain = (—1,1) x (—1,1) and the nonconstant coefficient
function a(z) = 0.1 + e3(@1+22) with right-hand side f = 0.1. A reference solution is generated
by a computation on a very fine mesh. The meshes are refined according to the ’error-balancing
strategy’ by balancing (as well as possible) the cell-wise indicators:

N = hypr  Of N = hipriK

Show error plots and meshes obtained by the two different strategies.



