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Exercises and Problems

1 Exercises

Ex.1. Consider the following triplet (K, P, N)
i) K =10,1].
ii) P is the linear polynomials on K, i.e P;.
ii) N is:
1
Nilp) = 05), Nalp) = [ pla) de
0

Is this finite element unisolvent? Explain your answer

Ex.2. a) Obtain the nodal basis function ¢;(x) for the finite element (K = [0, 1], P2, N),
with A/ = (Ny, No, N3) given by

Ni(f) = £(0),
Na(f) = f(1),

Ns(f) Z/Olfdfﬂ-

b) What is the global continuity of finite element spaces constructed from the finite
element described above 7 Explain your answer.

Ex.3. Consider the finite element (K, P, N') where

e K is a non-degenerate triangle.
e P is the space of polynomials of degree 2 or less.

[ N: (Nl,NQ,Ng,N4,N5,N6) with

where z1, 29 and z3 are the vertices of K.
Show that A determines P.

Ex.4. Now consider the finite element (K, P, ') where



e K is a non-degenerate triangle (with boundary 0K ).

P is the space spanned by polynomials of degree 2 or less, plus the cubic
”bubble” function B(x) satisfying B(x) = O for allz € 9K, and [, B(z)dz = 1.

~

N = (Nl,NQ, N3, N4,N5, N6,N7> with Nl as above for i = 1, . ,6, and

No(v) = v <%> _

Show that N determines P.

Ex.5. What is the choice of the geometric decomposition (allocation of nodal variables to
cell and vertex entities) that leads to the maximum possible global continuity of
finite element spaces defined on the interval [0, L] constructed from the following
one-dimensional elements (K, P, N). Justify your answer.

a) K = [a,b], P is linear polynomials, N = (N, N3) where
Nifu] = u((a+0)/2), No[u] = u'((a+10)/2).
b) K = |a,b|, P is quadratic polynomials, N = (N, Ny, N3) where

Ny[u] = u(a), Nofu] = u(b), Nfu] = / u du.

c) K = [a,b], P is quadratic polynomials, N = (N7, Ny, N3) where
Nifu] = u'(a), Na[u] =u'(b), Ns[u] =u((a+1b)/2).
Ex.6. Consider the interval [a, b], with points :
a =Ty, T1,T2,...,Tp_1,T, =b.
Let 7 be a subdivision (i.e. a 1D mesh) of the interval [a, b] into subintervals
I, = [xg, x| ,k=0,...,N — 1.
Consider the following three elements.

(a) (K, P, N)where K = I, P are polynomials of degree < 3, and N = (N, No, N3, Ny)
with:

Nifu] = u (zy), Na[u] = u (Tpr1)
Ns[u] / i udr, Nyu] = ((zp1 + x1) /2).

k

(b) (K, P,N)where K = I}, P are polynomials of degree < 3, and N = (Ny, Ny, N3, Ny)
with:



(¢) (K, P,N)where K = I, P are polynomials of degree < 3, and N = (Ny, No, N3, Ny)
with:

Ni[u] = u ((zre1 + 21) /2), No[u] = o' (231 + @) /2)
Ns[u] = u" (@41 + zx) /2) , Nau] = 0" (@41 + 21) /2).-

i) Which of the three elements above are suitable for the following variational
problem? Find u € H'([a,b]) such that

b b
/uv—l—u/v/dx:/ fvdz, Vve H'([a,b)).

Justify your answer.

ii) Which of the three elements above are suitable for the following variational
problem? Find u € H?([a,b]) such that

b b
/ uv+u’v’+u"v”dx:/ fvdx, Yo e H*([a,b]).

Justify your answer.

Ex.7. Let V}, be a finite-dimensional subspace of a Hilbert space V, and let u € V and
up, € Vj, Satisfy

a(u,v) = £(v) Yv eV, (V)
a(up,vy) = £(vy) Yo, € Vi, (Vi)

respectively, where a(-,-) is a symmetric bilinear form on V and ¢ : V. — R is a
linear functional.

(a) Show that the Galerkin solution uy, is the best approximation to u € V' when

measured in the energy norm || - || g, that is,
lu—unlle < Ju—walle Von € Vi,
where
Il = a(v,v),  veV.

(b) Suppose that we have an enhanced approximation space W}, such that
Vi, CW, C V,
with associated solution u; € W), satistying
a(uy,v) = £(v) Vv € Wy,
Use the fact that
a(lu—uy,v) =0 Yv e W,
to show that
lu = unllE = llw = whll + lluy, — uallz-

Deduce that
v —unlle > [lu—uj |l



()

Suppose that the enhanced space W), can be written as
W,=V, e Z
and that a strengthened Cauchy—Schwarz inequality holds:
|a(vn, zn)| < v llonlle lznlle Von € Vi, Yz € Z,

with 0 <~ < 1.

Consider the simplified error representation problem: find e;, € Z satisfying

alen, zn) = L(zn) — alun, zn) YV € Z.
Show that e;, € Z is equivalent to u; — u;, € W), and that

1
lealls < llup, — unl|% < 1— lenll %, 0<~y<L

Hint: To establish the left-hand inequality, use the fact that
a(uy — up, zn) = alen, z1) Vap, € Z.
To establish the right-hand inequality, write
Up — Up, = Vp, + 2p, v, € X, 2, € Z,
and use the inequality

a? 4+ b* — 2yab > (1 — %)%

2 Problems.

Pb. 1) (Raviart-Thomas element)

In this work we consider the Raviart-Thomas finite element RT:

Let

Th is a triangular mesh of a smooth, bounded, closed domain Q C R?;
K; denotes the generic triangle of the mesh, for i =1,2,... I;
e; denotes its internal edges, for j =1,2,...,J;

d; denotes its boundary edges, for [ =1,2,..., L.

RTo(7y) be the space of the Raviart—Thomas finite element functions.

generic RT( function on a given triangle K can be written as

and

T a
90<x7y)_c(y)+(b>a aab7C€R7

it satisfies the following properties:

(Z3)

The



(a) (V-¢)lx € Ro(K),
(b) ¢ n is constant on each edge of K.

We can thus define the global RT((7;) finite element space as:

RTo(7n) = {gp : 0 — R? ‘ ¢|k; is linear VK; € Ty, with continuous normal components over e;, d;

(1)

RTy functions are therefore determined by the values of their normal components
over the edges of the mesh, i.e. their degrees of freedom are

pi=(p-n)

and the analogous quantities on the boundary edges.

[ZX)

Similarly, we can define the RT interpolant of a function v as

1/ (on 1)l =
=177 [ v-n, op-n)|lg =— | v-n.
el /. ial ),

Finally, the global RT((7,) finite element functions belong to H(div,{2), as an
immediate consequence of the following characterization.

Inr,(v) = pn € RTo(Th) © (on-n)

2.1 Characterization of H(div, ().

Let ¢ : © — R? be such that:

(a) ¢|k, € H'(K;)? for each K; € Ty;

(b) For each internal edge e; let K+, K~ be the two adjacent elements to e;, with
outward normals n™, n~ respectively, n= = —n™. The traces of the normal
components of ¢ on e;, p|g+-nT and p|x- - n~, are the same, i.e.

Qli+ -nT 4+ |- -n” =0.
Then ¢ € H(div, ).

Questions

Prove the following points:

(a) Prove property 1 of RT elements, i.e.
(V-9)|lk € Fo(K).

(b) Prove property 2 of RTy elements, i.e. ¢ -n is constant on each edge of the
triangle.
Hint: Let P;, P; be any two vertices of K € 7,. Write the expression of the
line r(t), t € R, passing through P;, P;, and verify that ¢|, - n is a constant
quantity.

(¢) Compute the expression of the RT( basis functions on the reference triangle.



2.2 Darcy’s Problem

Consider the Darcy equations for flows in porous media in the square domain

Q=101
—kVp=wu, in Q,
V-u=f, inQQ, (2)
p =20, on 0,

where k : 2 — R is such that

0 < kmin < k(2,y) < kpax < 00, V(x,y) € Q.

We can combine the first and the second equations to obtain an equivalent elliptic
problem:

p =20, on 0f. ()

{—v (kVp) = f, i Q,
(a) Let k=1 and
p(z,y) = sin(mx) sin(7y).
Derive the expression of u and compute f so that the above equations are
satisfied.

(b) Solve the mixed problem (2) using an RTj finite element discretization for u
and a P, discretization for p. Recall the expected convergence rate and verify
your results.

FreeFem hint:

fespace Vh(Th,RTO);

fespace Qh(Th,PO0);

Vh [uhl, uh2], [tauhl, tauh2];

Qh ph,qgh;

problem Darcy([uhl,uh2,ph], [tauhl,tauh2,qh]) = ...

(c) Solve the elliptic problem (3) using a P; discretization for p. Recall the con-
vergence rate for the L? norm of the error and verify your results.

(d) Compare the two error convergence curves for p in the same plot and comment
the results you obtain. Which approximation is the most accurate?

(e) Reconstruct a numerical approximation for u € Py starting from the P, ap-
proximation of p in (3). What rate of convergence do you expect for the L2
error on u?



Hint: In FreeFem it is possible to directly obtain a numerical reconstruction
of u € Py from the computed P; approximation of p by using the commands
dx() and dy Q).

(f) Compare the two error convergence curves for u (i.e. the one obtained with the
mixed formulation and the one reconstructed from the elliptic approximation)
on the same plot and comment the results you obtain. Which approximation
is the most accurate?

Pb. 2) (Creuzeix-Raviart element) Consider the unit square
Q= (0,1)

Let Ty, be a regular mesh for €, F}, be the set of edges of T, and Fj™ be the set of
interior edges of Tj,. For each edge F' € F}*, let us denote with Kpy and Kp_ the
two elements K € Tj, separated by F'.

Moreover, let us consider a function v : 2 — R and its restrictions on Kr and
Kp_, that we denote as vpy(z) and vg_(z) respectively. If v is a continuous
function over (2, its value on each edge F' is uniquely defined; if instead we only
require continuity separately in each triangle K € Tj, the value of vy and vp_ on
F may differ. Such difference is called the jump of v across F' and it is denoted by
[U] F, i.e.

V] p(2) = vpy(z) — vp_(2), x e F.

The Crouzeix—Raviart finite element space is the space of piecewise linear functions
whose jumps over internal edges have zero mean:

Vi, = {vh € L*(Q) : vp|x € P1(K) VK € Ty, and /
F

MM:OVFGFW}.

(a) Show that Crouzeix—Raviart functions are continuous in the midpoint of each
internal edge (see Figure 77).

Hint: Show the continuity in the midpoint by applying the midpoint quadra-
ture rule to the condition [,[v,] = 0.

(b) Let ar denote the midpoint of the edge F' € Fj,. Show that the values vy (a;)
uniquely identify a function in V.

(c) Draw the basis functions associated to the generic degree of freedom.

(d) Let IFE, - H*(K) — V,(K) be the interpolant operator on the reference
triangle:

I e (@) () = Z u(ay) ¢;(@).

Observe that from here on, quantities related to the reference triangle will be

~ ~

denoted by a hat. Show that If'F is continuous from H*(K) to V;(K) with
H'(K) norm.



Figure 1: Crouzeix—Raviart functions are linear in each triangle and discontinuous among
triangles but continuous at the midpoints of internal edges.

a) Let I¢® : H?(Q) — Vj, be the global interpolant operator
h

;R (u) (@) = ) ular) or().

FeFy

Prove that

Z \u—[h ‘HI(K <Oh|U,|H2
KeTy,

lu — I ()| r2(0) < Ch?|ul g2

Hint: Work on each element. You will need the following properties:
i. The seminorm tra/r}sformation lemma: for all integer m > 0 and all v €
H™(K), v e H™(K), there exists a constant C' = C'(m) > 0 such that
[0l iy < ClIBr ™| det B[~ ?0] am i)

o]y < CILBE ™ det Bic 28] )

where B is the matrix of the linear mapping from K to K.
Moreover,

D‘

K _
IBrll <= 1Bl <

Y

P
ii. The fact that [%(u) = I ().
iii. v, = IR (vy,) for vy, € Vj,.

iv. The continuity of I{'f on the reference element.

h
L



~

v. The Deny—Lions lemma: for every r > 0 let P,(K) be the set of polyno-
mials of degree r over K. Then there exists a constant C' = C(r, K) such
that

peP-(K)

vi. For a regular mesh the ratio hg /pk is uniformly bounded by a constant

independent of h:

h
—K§5<oo.

PK

3 Condition Number of the Galerkin Matrix

Consider the Laplacian problem on the unit square:

~Au=f inQ=(0,1)72
{ w=0 on 0f. (4)

(a) Using FreeFem++, compute the Galerkin matrix for this problem and save it
to file. Use the following commands:

varf a(u,v)= int2d(..)(..) + on(..);

matrix A = a(Vh,Vh);

ofstream matrixfile("A.dat");

matrixfile << A << endl;

(b) Compute the condition number using cond (A).

(¢) Repeat for n = 5,10, 20,40 elements per side. Fill the table:

n h=1/n cond(A)
5 _ _
10 - -
20 - -
40 - -

(d) Repeat the analysis for a non-structured mesh built with border and buildmesh.
Compare with the structured case.

(e) Consider a grid refined toward the boundaries:

mesh Th = square(n,n);
Th = movemesh(Th, [(1-cos(pi*x))/2.,(1-cos(pix*y))/2.1);

Repeat the analysis. What happens?



